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PEEFACE. 


The aim of this work is to give a brief exposition of some 
of the devices employed in solving differential equations. 
The book presupposes only a knowledge of the fundamental 
formulae of integration, and may be described as a chapter 
supplementary to the elementary works on the integral 
calculus. 

The needs of two classes of students, with whom the author 
has been brought into contact in the course of his experience 
as a teacher, have determined the character of the work. For 
the sake of students of physics and engineering who wish to 
use the subject as a tool, and have little time to devote to 
general theory, the theoretical explanations have been made as 
brief as is consistent with clearness and sound reasoning, and 
examples have been worked in full detail in almost every case. 
Practical applications have also been constantly kept in mind, 
and two special chapters dealing with geometrical and physi- 
cal problems have been introduced. 

The other class for which the book is intended is that of 
students in the general courses in Arts and Science, who have 
more time to gratify any interest they may feel in this subject, 
and some of whom may be intending to proceed to the study 
of the higher mathematics. For these students, notes have 
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inserted in the latter part of the book. Some of the 
contain the demonstrations of theorems which are 
ed to, or partially proved, in the first part of the work, 
se discussions were given in full in the latter place, they 
. probably tend to discourage a beginner. Accordingly, 
3 been thought better to delay the rigorous proof of 
il theorems until the student has acquired some degree 
ailiarity with the working of examples. 

;oughout the book are many historical and biographical 
which it is hoped will prove interesting. In order that 
tiers may have a larger and better conception of the sub- 
t seemed right to point out to them some of the most 
tant lines of development of the study of differential 
ions, and notes have been given which have this object 
3w. For this purpose, also, a few articles have been 
1 in the body of " the text. These articles refer to 
tFs, BessePs, Legendre’s, Laplace’s, and Poisson’s equa- 
and the equation of the hypergeometric series, which 
rms that properly lie beyond the scope of an introductory 

many cases in which points are discussed in the brief 
er necessary in a work of this kind, references are 
where fuller explanations and further developments 
oe found. These references are made, whenever possi- 
D sources easily accessible to an ordinary student, and 
ally to the standard treatises, in English, of Boole, 
th, and Johnson. 

students who can afford but a minimum of time for 
:udy, the essential articles of a short course are indicated 
:he table of contents. 


PBEFACM, 


vii 

le examples not a few are original, and many are taken 
scamination papers of leading universities. There is 
arge number of examples, which, either by reason of 
equent use in mechanical problems or their excellence 
iples per se, are common to all elementary text-books on 
tial equations. 

3 remains the pleasant duty of making confession of 
3btedness. 

:eparing this book, I have consulted many works and 
s; and, in particular, have derived especial help for 
icipal part of the work from the treatises of Boole, 
L, and Johnson, and from the chapters on Differen- 
nations in the works of Be Morgan, Moigno, Hoiiel, 
Boussinesq, and Mansion. I have in addition to 
ledge suggestions received from Byerly^s Key to the 
1 of Differential Equations published in his Integral 
s, Osborne^s Examples and Rules, and from the trea- 
Williamson, Edwards, and Stegemann on the Calculus, 
j also been made of notes of a course of lectures deliv- 
Professor David Hilbert at Gottingen. Suggestions 
iterial for many of the historical and other notes have 
3n received from the works of Craig, Jordan, Picard, 
;, Koenigsberger, and Schlesinger on Differential Equa- 
rom Byerly^s Fourier^ s Series and Spherical Harmonics, 
History of Mathematics, and from the chapters on 
olic Functions, Harmonic Functions, and the History 
Brn Mathematics in Merriman and Woodward^s Higher 
atics. The mechanical and physical examples have 
tained from Tait and Steele's Dynamics of a Particle, 
Mechanics, Thomson and Tait's Natural Philosophy, 
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Emtage’s Mathematical Theory of Electricity and Magnetism^ 
Bedell and Crehore’s Alternating Curreiits, and BedelPs Prin- 
ciples of the Transformer. These and many other acknowledg- 
ments will be found in various parts of the book. 

To the friends who have encouraged and aided me in this 
undertaking, I take this opportunity of expressing my grati- 
tude. And first and especially to Professor J ames McMahon 
of Cornell University, whose opinions, advice, and criticisms, 
kindly and freely given, have been of the greatest service to 
me. I have also to thank Professors E. Merritt and P. Bedell 
of the department of physics, and Professor Tanner, Mr. 
Saurel, and Mr. Allen of the department of mathematics at 
Cornell for valuable aid and suggestions. Professor McMahon 
and Mr. Allen have also assisted me in revising the proof-sheets 
while the work was going through the press. To Miss H. S. 
Poole and Mr. M. Macneill, graduate students at Cornell, I am 
indebted for the verification of many of the examples. 

B. A. MURRAY. 

CoRNEJLL University, 

April, 1897. 

PREFACE TO THE SECOND EDITION. 

I TAKE this opportunity of expressing iny thanks to my 
fellow-teachers of mathematics for the kind reception which 
they have given to this book. My gratitude is especially 
due to those who have pointed out errors, made criticisms, 
or offered suggestions for improving the work. Several of 
these suggestions have been adopted in preparing this edition. 
It is hoped that the answers to the examples are now free 
from mistakes. jy MURRAY. 

Cornell University, 

June, 1898. 
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DIFFEEENTIAL EQUATIONS. 


CHAPTER I. 

DEFINITIOlSrS. FORMATIOK OF A DIFFERENTIAE 
EQUATION. 

1 . Ordinary and partial differential equations. Order and 
degree. A differential equation is an equation that involves 
differentials or differential coefficients. 

Ordinary differential equations are those in which all the 
differential coefficients have reference to a single independent 
variable. Thus, 


dy = cos X dx, 

( 1 ) 

II 


(2) 

(2/ + c)^| + «|-(y + a)=0, 

( 3 ) 

II 

+ 


( 4 ) 

h(i)j 

L==r, 

( 5 ) 

da? 



dy a 

y = x~^ + —9 

dx dy 

( 6 ) 


dx 

are ordinary differential equations. 

1 


B 
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Partial differential equations are those in which there are 
two or more independent variables and partial differential co- 
efficients with reference to any of them ; as, 


dx oy 


The order of a differential equation is the order of the 
Highest derivative appearing in it. 

The degree of an equation is the degree of that highest deriv- 
ative, when the differential coefficients are free from radicals 
and fractions. Of the examples above, (1) is of the first order 
and first degree, (2) is of the second order and first degree, 
(4) is of the first order and second degree, (5) is of the second 
order and second degree, (6) is of the first order and second 
degree. In the integral calculus a very simple class of differen- 
tial equations of which (1) is an example have been treated. 

Equations having one dependent variable y and one inde- 
pendent variable x will first be considered. The typical form 
of such equations is 


/ 



dxy 


= 0 , 


2. Solutions and constants of integration. Whether a differ- 
ential equation has a solution, what are the conditions under 
which it will have a solution of a particular character, and 
other questions arising in the general theory of the subject are 
hardly matters for an introductory course.* The student will 
remember that he solved algebraic equations, before he could 
prove that such equations must have roots, or before he had 
more than a very limited knowledge of their general proper- 
ties. This book will be concerned merely with an exposition 
of the methods of solving some particular classes of differential 
equations ; and their solutions will be expressed by the ordi- 
nary algebraic, trigonometric, and exponential functions. 


* Tor a proof that a differential equation has an integral, and for 
references relating to this fundamental theorem, see Note B, p. 190. 
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A solution or mtegral of a dilfereiitial equation is a relation 
between the variables, by means of which and the derivatives 
obtained therefrom, the equation is satisfied. 

Thus y = sin aj is a solution of (1) ; 

-j- 2/2 = and y = mx -j- rVl + 

are solutions of (4) Art. 1.* In two of these solutions, y is 
expressed explicitly in terms of x, but in the solutions of dif- 
ferential equations in general, the relation between x and y is 
oftentimes not so simply expressed. This will be seen by 
glancing at the solutions of the examples on Chapter II. 

A solution of (1) Art. 1 Is y = sin a;; another solution is 

y = sin -f c, (1) 

0 being any constant. By changing the value of c, different 
solutions are obtained, and in iDarticular, by giving c the value 
zero, the solution y = sino; is obtained. 

A solution of ^ -f ?/ = 0 (2) 

is ?/ = sin 03, and another solution is y = cos o;. A solution more 
general than either of the former is y = A sinoj; and it includes 
one of them, as is seen by giving J. the j^articular value unity. 
Similarly y = cos a; includes one of the two first given solu- 
tions of (2). The relation 

?/ = A cos x-{- B sin x (3) 

is a yet more general solution, from which all the preceding solu- 
tions of (2) are obtainable by giving particular values to A and B. 

The arbitrary constants A, B, c, appearing in these solutions 
are called arbitrary oonstayits of mtegration. 

Solution (1) has one arbitrary constant, and solution (3) has 
two ; the question arises : How many arbitrary constants must 
the most general solution of a differential equation contain ? 


* See page 12. 
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Tlie answer can in part be inferred from tlie consideration of 
the formation of a differential equation. 

3 * derivation of a differential equation. In the process 
of deriving (2) from (3) Art. 2, A and B have been made to dis- 
appear. To eliminate two constants, A and three equations 
are required. Of these three equations, one is given, namely, 
(3), and the two others needed are obtained by successive 
differentiation of (3). Thus, 

A sin x + B cos x, 

A cos X — B sin x. 


y = 

% ^ 
dx 



— A sin X — B cos x ; 


whence, 


i+y = o. 


Now consider the general process. The equation 

/(a;,?/,Ci, Ca, •••,c„) = 0 (1) 

contains, besides x and y, n arbitrary constants c'l, --jCv 
Differentiation u times in succession with respect to x gives 

dx ~ By dx 

dx^ ^ Bx By dx By^\dx) By d^xr ^ 


Bx^ ^ dy da;” 

Between the original equation and the n equations .thus ob- 
tained by differentiation, making n-\-l equations in all, the 

* See B. Williamson, Differeyitial Galcidus^ Art. 311 ; J. Edwards, 
Differential Calculus, Arts. 506, 507. 
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n constants Ci, C2, can be eliminated, and thus will be 

formed the equation 




% ^ 
dx^ 



( 2 ) 


Therefore, when, there is- a relation between x and y involving 
n arbitrary constants^ the corresponding differential relation 
which does not contain the constants is obtained by elimi- 
nating these n constants from the ?i + 1 equations, made up of 
the given relation and n new equations arising from n succes- 
sive differentiations. There being n differentiations, the result- 
ing equation must contain a derivative of the 91th order, and 
therefore a relation between x and y, involving n arbitrary 
constants, will give rise to a differential equation of the ?ith 
order free from those constants. The equation obtained is 
independent of the order in which, and of the manner in 
which, the eliminations are effected.* 

On the other hand, it is evident that a differential equation 
of the nth order cannot have more than n arbitrary constants 
in its solution ; for, if it had, say n + 1 , on eliminating them 
there would appear, not an equation of the ^ffh order, but one 
of the {n + l)th order, t 


Ex. 1. From cc- + 2 /^ 4- 2 aa: -f< 2 + c = 0, 

derive a differential equation not containing Z), or c. 


Differentiation three times in succession gives 




= 0 , 


1 + 



= 0 , 




= 0 . 


* See Joseph Edwards, Differential Calculus^ Art. 607, after reading 
Arts. 6, 6, following. 

t For a proof that the general solution of an equation of the nth order 
contains exactly n arbitrary constants, see Note C, p. 194. 
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. The elimination of b from the last two equations gives the difierential 
equation required, 

Ex. 2. Form the differential equation corresponding to 
by eliminating a. 

Ex. 3. Eliminate a and /3 from {x - a)- Qy — i3)2 = r-. 

Ex. 4. Eliminate m and a from y- = m(a^ — x^). 

4 . Solutions, general, particular, singular. The solution which 
contains a number of arbitrary constants equal to the order of 
the equation, is called the general solution or the complete inte- 
gral. Solutions obtained therefrom, by giving particular values 
to the constants, are called particxdar solntions. Looking on 
the differential equation as derived from the general solution, 
the latter is called the complete primitive of the former. 

It may be noted that from the relation (1) Art. 3 several 
differential equations can be derived, which are different when 
the constants chosen to be eliminated are different. Thus, the 
elimination of all the constants gives but one differential equa- 
tion, namely (2), for the order of elimination does not affect tlie 
equation formed. The elimination of all but Ci gives an equation 
of the ill — l)th order ; elimination of all but gives another 
equation of the {n — l)th order ; and similarly for c^, • • •, So 
from (1), n equations of the (n — l)th order can be derived. 
Therefore (1) is the complete primitive of one equation of the 
7ith order, and the complete primitive of n different equations 
of the (ii — l)th order. The student may determine how many 
equations of the first, second, ..., (n — 2)th order can be derived 
from (1). 

The general solution may not include all possible solutions. 
For instance, (4) Art. 1 has for solutions, and 

y = maj -f rVl -f m-. The latter is the general solution, con- 
taining the arbitrary constant m, but the former is not deriva- 



§4.] 


SOLUTIOJ^S, 


7 


ble from it by giving particular values to m. It is called a sin- 
gular solution. Singular solutions are discussed in Chapter IV. 

The n arbitrary constants in the general solution must be 
independent and not equivalent to less than n constants. The 
solution y = appears to contain two arbitrary constants c 
and a, but they are really equivalent to only one, for 

y = 


and by giving A all possible values, all the particular solutions, 
that can be obtained by giving c and a all possible values, will 
also be obtained.* 

The general solution can have various forms, but there will 
be a relation between the arbitrary constants of one form and 
those of another. For example, it has been seen that the gen- 

eral solution of ^ -f ?y = 0 is 

?/=^sina; + jBcosa;. 


But y~c sin {x 4- «) is also a solution, as may be seen by sub- 
stitution in the given equation ; and it is a general solution, 
since it contains two independent constants c and oc. The lat- 
ter form expanded is 


y = c COS a sin 0? + c sin « cos x. 

On comparing this form with the first form of solution given, 
it is evident that the relations between the constants A^ B, of 
the first form and c, of the second, are 


A = c cos a, and J5 = c sin a, 

that is, 

c = and a = tan“^ 

If the solution' has to satisfy other conditions besides that 
made by the given differential equation, some or all of the 
constants will have determinate values, according to the num- 
ber of conditions imposed. 


* See Note D for a criterion of the independence of the constants. 
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5. Geometrical meaning of a differential equation of the first 
order and degree. 

4, »,!)-«. (1) 

an equation of the first decree in It will be remembered, 

^ dx 

that when the equation of a curve is given in rectangular 

dfif 

co-ordinates, the tangent of its direction at any point is 

For any particular point (xi, yj), there will be a corresponding 

particular value of say mi, determined by equation ( 1 ). A 
dx 

point that moves, subject to the restriction imposed by this 
equation, on passing through (a?!, yi) must go in the direction 
mi. Suppose it moves from (xi, iji) in the direction 7% for an 
infinitesimal distance, to a point (x2, yo) ] then, that it moves 
from (aja? 3/2) the direction m2, the particular direction asso- 
ciated with 2^2) by the equation, for an infinitesimal distance 

to a point ; thence, under the same conditions to 2/4), 

and so on through successive points. In proceeding thus, the 
point will describe a curve, the co-ordinates of every point of 
which, and the direction of the tangent thereat, will satisfy the 
differential equation. If the moving point starts at any other 
point, not on the curve already described, and proceeds as 
before, it will describe another curve, the co-ordinates of whose 
points and the direction of the tangents thereat satisfy the 
equation. Through every point on the plane, there will pass 

dy 

a particular curve, for every point of which, x, ?/, will sat- 
isfy the equation. The equation of each curve is thus a par- 
ticular solution of the differential equation; the equation of 
the system of such curves is the general solution ; and all the 
curves represented by the general solution, taken together, 
make the locus of the differential equation. There being one 
arbitrary constant in the general solution of an equation of the 
first order, the locus of the latter is made up of a single infinity 
of curves. 
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Ex. 1. The equation J. — 

dx y 

indicates that a point moving so as to satisfy this equation, moves per- 
pendicularly to the line joining it to the origin ; that is, it describes a 
circle about the origin as centre. 

Putting the equation in the form 

xdx + 2/c7y = 0, 

it is seen that the general solution is 

2^2 _ j _ 2^2 -- ^ 

The circle passing through a particular point, as (S, 4), is 

a:2 + ?/2 = 25, 

which is a particular solution. The general solution thus represents the 
system of circles having the origin for centre, and the equation of each 
one of these circles is a particular solution. That is, the locus of the 
differential equation is made up of all the circles, infinite in number, that 
have the origin for centre. 

Ex. 2. xdy -f y dsc = 0 

has for its solution, xy = c, 

the equation of the system of hyperbolas, infinite in number, that have 
the X and y axes for asymptotes. 


Ex. S. 



having for its solution, y = mx-\- c, 

has for its locus all straight lines, infinite in number, of slope m. 


6, Geometrical meaning of a differential equation of a degree 
or an order higher than the first. 

If /(a=,2,,|) = 0 

is of the second degree in there will be two values of ^ 

dx dx 

belonging to each particular point (xi, yj). Therefore the mov- 
ing point can pass through each point of the plane in either of 
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two directions ; and hence, two curves of the system which is 
the locus of the general solution pass through each point. 
The general solution, 


must therefore have two different values of c for each point; 
and hence, c must appear in that solution in the second degree. 
In general, it may be said: A differential e(][uation, 



which is of the nth degree in 


and which has 
dx 


cf>(x,y,c) = 0 


for its general solution, has for its locus a single infinity of 
curves, there being but one arbitrary constant in <^ ; n of these 

curves pass through each point of the plane, since ^ has n 

values at any point ; and hence the constant c must appear in 
the nth degree in the general solution. 

The general solution of a differential equation of the second 
order, 


’ '’’dxdv? 


: 0 , 


contains two arbitrary constants, and will therefore have for 
its locus a double infinity of curves ; that is, a set of curves 
00^ in number. 


Ex. 1. 



has for its solution, y = c, 

m and c being arbitrary. 

A line through any point (0, c), drawn in any direction m, is the locus 
of a particular integral of the equation. On taking a particular value of 
c, say Cl, there will be an infinity of lines corresponding to the infinity of 
values that m can have, and all these lines are loci of integrals. Since to 
each of the infinity of values that o can have there corresponds an Infin- 
ity of lines, the complete integral will represent a doubly infinite system 
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of straight lines ; in other words, the locus of that differential equation 
consists of a doubly infinite system of lines. 

This can be deduced from other considerations. The condition 
cPv 

^ = 0 requires, and requires only, that the curve described by the 

moving point shall have zero curvature, that is, it can be any straight 
line ; and there can be co^ straight lines drawn on a plane. 

Ex. 2. All circles of radius r, oo*^ in number, are represented by the 
equation 

ix - + (y - &)2 = 

where a and 6, the co-ordinates of the centre, are arbitrary. On elimi- 
nating a and b, there appears 



Thus, the locus of the latter equation of the second order consists of the 
doubly infinite system of circles of radius r. 

Ex. 3. The locus of the differential equation of the third order, derived 
in Example 1, Art. 3, includes all circles, oo^ in number; for it is 
derived from a complete primitive which has a, b, c arbitrary and thus 
represents circles whose centres and radii are arbitrary. 

It will have been observed from the above examples on 
lines and circles, that as the order of the differential equa- 
tion rises, its locus assumes a more general character. 

EXAMPLES ON CHAPTER I. 

1. Eliminate the constant a from Vl ~ + Vl — = a (x — y). 

2. Form the differential equation of which y = is the com- 

plete integral. 

3. Find the differential equation corresponding to 

y = ae^ + be-3* H- ce*, 
where a, b, c are arbitrary constants. 

4. Form the differential equation of which c (y -f c)^ = oj* is the com 
plete integral. 

6. Eliminate c from y = cx c — e^. 
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6. Eliminate c from ay‘^ = (as — c)^. 

7. Eorm the differential equation of which + 2 cxey -l- = 0 is 

the complete integral. 

8. Eliminate a and h from xy = ae^ + 

9. Eorm the differential equation which has ~ a cos (wix + h) for 
its complete integral, a and h being the arbitrary constants. 

10. Eorm the di^erential equation that represents all parabolas each 
of which has a latus rectum 4 and whose axes are parallel to the x 
axis. 

11. Eind the differential equation of all circles which pass through the 
origin and whose centres are on the x axis. 

12. Eorm the differential equation of all parabolas whose axes are 
parallel to the axis of y. 

13. Eorm the differential equation of all conics whose axes coincide 
with the axes of co-ordinates. 

14. Eliminate the constants from y — ax + hx"^. 


Note. [The following is intended to follow line 6, page 3.] 

Ex. 1. Show that x‘^ y^ =■ is a solution of equation (4) Art. 1. 

dv dy x 

Differentiation gives x + y ^ = 0, whence — = 

ax ax y 

dij x^ I x^ 

Substitution of this value of in 4 gives ?/ = +-~, , 

dx y ^ 

which reduces to + yS == ^ 2 ^ 


Ex. 2. Show that y = mx + ?Vl + is a solution of (4) Art. 1. 
dv 

Differentiation gives “ = m. 

Substitution of this value of ^ in (4) gives y = mx -h rVl + 

Ex. 3. Show that + 4?/ = 0 is a solution of ^ 

Ex. 4. Show that y — ax^ -}- 6x is a solution of ~ -f ^ = 0. 

^ dx:^ X dx x^ 

Ex. 6. Show that v = ~ -f- J5 is a solution of — ^ = 0. 

r r dr 

dhi 

Ex. 6. Show that y = ae*® + he-^ is a solution of “ — k^y = 0. 
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CHAPTER II. 


EQUATIONS OF THE FIRST ORDER AND OF THE 
FIRST DEGREE. 


7 . In Chapter I. it has been shown how to deduce from a 
given relation between x, y, and constants, a relation between 
X, y, and the derivatives of y with respect to x. There has 
now to be considered the inverse problem : viz., from a given 
relation between x, y, and the derivatives of y, to find a re- 
Tation between the variables themselves. As, for instance, 
the problem of finding the roots of an algebraic equation is 
■more difficult than that of forming the equation when the 
roots are given; or as, again, integration is a more difficult 
process than differentiation; so here, as in other inverse proc- 
esses, the process of solving a differential equation is much 
more complicated and laborious than the direct operation of 
forming the equation when the general solution is given. 
An equation is said to be solved, when its solution has been 

i)dx, even 

if it be impossible to evaluate these integrals in terms of 
known functions. 


reduced to expressions of the forms 


The equation fix, y^ 


dx’ 


^dy 


= 0 cannot be solved in 
-p Q = 0, where P and Q are 


every case, --x w.v.-xx ^ 
functions of x and y, cannot be solved completely. 


In fact, even P- 

It will be 

remembered how few in number are the solvable cases in 
algebraic equations ; and it is the same with differential equa- 
tions. The remainder of this book will be taken up with a 
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consideration of a few special forms of equations and 
methods devised for their solution.^ 

This chapter will be devoted to certain kinds of equati 
of the first order and degree, viz. : 

1. Those that are either of the form ffx) dx + j^(^) dp = 

or are easily reducible to this form ; 

2. Those that are reducible to this form by the use 

special devices : — 

(a) Equations homogeneous in a; and y. 

(b) hTon-homogeneous equations of the first degree ii 

andy; 

3. Exact differential equations, and those that can be 

exact by the use of integrating factors ; 

4. Linear equations and equations that are reducible to 1 

linear form. 


8 . Equations of the form f (x) dx + fo (y) dy = 0. When 

equation is in the form 

fi (x) dx + /j (y) dy = 0, 

its solution, obtainable at once by integration, is 

J/i (») ^ + Jh (y) Ay = c. 

If the e(iuation is not in the above form, sometimes one o 
see at a glance how to put it in that form, or, as it is co 
monly expressed, to separate the variables. 


Ex. 1 . (1) (1 - co)dy — (1 -f y)dx = 0 

«aii evidently be written 


( 2 ) ^ 

1 -f y 


dx 

1—05 


0 , 


^ The student who is proceeding to find the methods of solving d 
ferential equations with no more knowledge of the subject than tl: 
imparted in the preceding pages, is reminded that he does this, assumi 
(1) that every differential equation with one independent variable has 
solution, and (2) that this solution contains a number of arbitrary cc 
slants equal to the number indicating its order. 
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•whence, on integrating, 

(3) log(l + !/) + log(l -a:)= c, 

and hence 

W (1 + 2/)(l -a;)= e« = Ci. 

In equations (S) and (4) appear two ways of expressing a general 
solution of the same equation. Both are equally correct and equally 
general, but the one has the advantage over the other in neatness and 
simplicity, and this would make it more serviceable in applications. In 
some of the examples set, the reduction of the solutions to forms neater 
and simpler than those which at first present themselves, may require as 
much labour as the solving of the equations. The solution (4) could have 
been obtained without seiDarating the variables, if one had noticed that 
(1 - x)d^ ~ (1 + is the differential of (1 - 2 c)(l + p). Here, as in 
the calculus and other subjects, the experience that comes from practice, 
is the best teacher for showing how to work in the easiest way. Equa- 
tion (1) can also be put in the form 

dy — dx — (xdij + y dx) = 0, 
and another form of the solution obtained, namely. 


y — x-xy = c2. 

Solution (4) reduces to this form on putting C 2 for Ci — 1. 

S..™ I 

F,i. S. Soh. (,-.1] = «(,< + !). 

Ex. 4. Solve 3e*tan?/dic -f-(l — e==)sec2?/dy = 0. 

9. Equations homogeneous in x and y- These equations can 
be put in the form 

dy^ fijoc, y) 

dx fi {x, y)’ 

■where /j, /a, are expressions homogeneous and of the same 
degree in x and y. On putting 

y=vx, 

v + x'^ = F(y), 


this equation becomes 
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since each term in/i, /o? is of the same degree, say n, in x; and 
af* is thus a factor common to both numerator and denominator 
of its right-hand member. 

Separation of the variables gives 

dv _dx 
F{v) — 'y 

the solution of which gives the relation between x and v, that 
is, between y and ^ which satisfies the original equation. 

X 

Ex. 1. Solve (aj2 + y‘^)dx — 2xydy = 0. 

Patting y-vx gives {\ + v‘^)dx- 2v{xdv -1- vdx) = 0, which, on sepa- 
ration of the variables, reduces to 

^ ^cZ« = 0. 

a; 1 

Integrating, log x(l —v-)= log c. 

On changing the logarithmic form to the exponential, and putting 
for V, the solution becomes ^ 

a:2 — ?/2 = cx. 

Ex. 2. Solve ?/2 ^^(^xy-\- x^)dy = 0. 

Ex. 3. Solve da; — (a;^ + y^)dy = 0. 

Ex. 4. Solve (4v + 3a;) — H-w— 2a; = 0. 

dx 

10. Non-homogeneous equations of the first degree in x and 

These equations are of the form 

dy __ ax -f- + 0 

dx a'x 4- -f c' ^ 

For a; put x' -f Ti, and for y put y' + fc, where h and h are 
constants ; then dx = dx' and dy = dy', and (1) becomes 

dy' _ oa;^ 4- by' g/^ -f- + c 

dx' a'x’ -f b’y* -h a7i 4- 4- c' 

If h and k are determined, so that 

aA + bZc 4- c = 0, 
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<ind. = Oj 

then (1) becomes ^ — + ^JL . (2) 

dx^ a'x'A-i^y 

which is homogeneous in and y^, and therefore solvable by 
the method of Art. 9. 

If (2) has for its solution 

f(x', 2 / 0 = 0 , 

the solution of (1) is /{ (x — h), (y — Zc) S = 0. 

This method fails when a : h = cd : h\ h and Jc then being 
infinite or indeterminate. Suppose 


a' b' m 


then (1) can be written 

dy _ ax + &2/ + c 
dx m{ax + by) + o' 

On putting v for ax + by, the latter equation becomes 
dx mv + & 

where the variables can be separated. 


Ex. 1. Solve (32/^7a + 7)(2a;+(7 2/-3x + 3)d2/ = 0. 
Ex. 2. Solve (?/ — 3x4-3) — = 2?/ — 2 C — 4. 


11 . Exact differential equations. A differential equation which 
has been formed from its primitive by differentiation, and with- 
out any further operation of elimination or reduction, is said to 
be exact; or, in other words, an exact differential equation is 
formed by equating an exact differential to zero. There has 
now to be found the condition which the coefficients of an equa- 
tion must satisfy, in order that it may be exact, and also the 
method of solution to be employed when that condition is 
o 
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satisfied. The question of how to proceed when the condition 
is not satisfied will be considered next in order. 


12. Condition that an equation of the first order be exact. What 
is the condition that 

Mdx + my = 0 (1) 

be an exact differential equation, that is, that Mdx -f Wdy be 
an exact differential ? In order that Mdx + Mdy be an exact 
differential, it must have been derived by differentiating some 
function it of x and y, and performing no other operation. 
That is, 

du = Mdx -f Ndy. 

But dll = -f - ^dy. 

ax ay 

Hence, the conditions necessary, that Mdx + Ndy be the differ- 
ential of a function u, are that 

M=—,zsiAN=~ ( 2 ) 

dx ay 

The elimination of u imposes on Jf, N, a single condition, 


dM^ dM 
dy dx 

since each of these derivatives is equal to 


( 3 ) 


dhi 
dx dy 


This condition is also sufficient for the existence of a func- 
tion that satisfies (1).* If there is a function u, whose differ- 
ential du is such that 

du = Mdx -f my, 


then on integrating relatively to x, since the partial differential 
Mdx can have been derived only from the terms containing x, 

u z=zj* Mdx 4* terms not containing x, 

that IS, u=j'3fdx + F(y). (4) 


* For another proof see Note E. 
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IliriVi-fiitiiitiiiK lintli siilcM of (.)) with rcsprt't to //, 


1 1 /I 


(til it 

<y 


<f!tJ liij 


lUtt liy («}, must (■(TUiil .V. hi'ucu 
<'!/ 

<il-\in ,, (1 


.V 


4/ 


</// ■■ (ti/J 

Thu tirst mfiuhtT t.f (.h) is inclupmidmit of .r; .so, also, is t.ho 

Hoi-oiiil; for ililfiTi'iitiutiiiK it with n'Miioct to .r givc-s - 

(hr (h/^ 

wlurh, by rimilifirMi Ch, in Inti^Kniiiou of both nidoH of 

(a) with ro.H|»rt’t t«» // 

whoro ti in !ho iirhitrury oouHlaui ijf iut(‘gration. Subniitution 
in (4) givirN 

" .f-’'''- 1 .f!''' if 

Thon-foru tho itrimitivt- of ( 1 ), wlani coiHlitioa (.'{) i« Hatiw- 
ftoil, is 


.Siiiii!ar!.v. ( .V'/v | i \ m ^ i N<lii\ih^.i- 
J J I iij-J • 1 

in iilno ii Holiitioii, 


(^0 


13 . Rule for indl»g: the iolutlon of an exact differential equation, 

all I hi* tin'iua of thi* solut ion that routain x inuHt apix'ar in 

^ Mtij\ th«^ tlifh*n*ul ia! of tluH iiitogml with r(*s|H*oi to // luu.st 

havo all ila* ioriuH tif Xtiy that ccnitain »r; uiid ilu^roforo fh) 
ran bo i*%|>roH*4oii by tlio folh-nviag rtdt*; 

T<* fiml iho Holufion <»f aa oxaot ilihVretitial ecjuatiou, 
f Xtiff . 5 Ih intograii* an if // wtn*i^ (‘onHtauti iutngrata 
tho ti*rinH in Ndtf that tlt» not giv<* iiaaaH already obtained, and 
©t|uatt* the Huni <d‘ tliom* iiiU^graln it» a iHumtant. 
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Ex. 1. Solve — ixtj -iy^^dx+Oj-^ ~ixy -2x?)djj — 0. 

Here, = — ix — iij = ; hence it is an exact equation. 

ay dx 

r - 

^Mdx is - 2 x:hj - 2 xy^ ; ?/-2 dy is the only term in Nd?j free from x» 
Therefore the solution is 

j - 2 x2?/ ~ 2 xif -1- ^ = Cl, 

or , — Q x‘^y — 6 + y^ = c. 


The application of the test and of the rule can sometimes be simplified. 

By picking out the terms of Mdx + JN'dij that obviously form an exact 
differential, or by observing whether any of the terras can take the form 
f{it)du^ an expression less cumbersome than the original remains to be 
tested and integrated. 

For instance, the terms of the equation in this examxfie can be rear- 
ranged thus : 

5c2 dx + dy — (4 icy + 2 y^)dx — (4 icy + 2 x^^dy = 0. 

The first two terms are exact differentials, and the test has to be applied 
to the last two only. 

Ex. 2. ' xdx + y dy + ^ ~ ^ 

ic^ 4- 2/^ 

becomes, on dividing the numerator and denominator of the last term ' 
hy sc^, 

d(fi 

xdx + ydy + — 

each term of which is an exact differential. Integrating, 


2 X 


Ex. 3. Solve (a'-* — 2x2/ - y^)dx — (x -f y^dy = 0. 

Ex. 4r. Solve (2 ctx + by + g)dx + (2 cy 4 bx 4- e)dy = 0. 

Ex. 6. Solve (2 x^y 4- 4 x^ — 12 xy^ 4- 3 — xe^ + e^)dy 

+ (12x2y 4- 2xy2 + 4x8 _ 42,3 4. 2ye^ - ey)dx = 0. 



S II, 


IS t htl II ATI Sf (I 


14 . I.it«KrtttinK factorn. Tl... differential equation 

I/itx -x(l!/-^^,Q 

i-i nut exiiet, l.ul when luultiidied hy it becomes 

, 

whifh \h v%iwi, umi hm ftn* itn Holutioii 


W'hHi iiiiiliipliinl hy ^ the above eciuatiou becomes 

tlx tiff 

^ ^ if 

which in imii% anti luw for iin nolution 

-log </ = <', 

which in truiiMfurniuhle into tiie solution first found. Another 
f!M-tor tlmt citn Ih^ used with like elfect on the same equation 


Any fju'tor /t, Htich an used above, which changes 

an etituition into an t»xact dillercmtial equation, is called an 

i I Ilf/ 


IS. Thi namhar of Integrating factors is infinite. The num- 
lM*r of factorn for an equation Mdx + JSfdy 0/is 

iiirtiutin For aitjqame /a in an integrating factor, then 

/a ( Mdx 4- Ndy) = ditj 
mul tliiin u ha #• iH a Holuiion. 

MiiltijilicMiticin of lajili Hides by any fimctioii of w, say /(u), 
gives 

fj/OOiMdx + Ndy) =f{u) du ; 
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but tlie second member of tlie last equation is an exact differ- 
ential ; therefore the first is also, and hence fif (ii) is an inte- 
grating factor of the equation 

Mdx -f Ndy = 0 j 

and as f(u) is an arbitrary function of u, the number of in- 
tegrating factors is infinite. This fact is, however, of no 
special assistance in solving the equation. 

16 . Integrating factors found by inspection. Sometimes inte- 
grating factors can be seen at a glance, as in the example of 
Art. 14. 


Ex. 1. Solve ydx — xdy-\-\ogxdx = 0. 

Here logxdx is an exact differential, and a factor is needed for 

ydx — xdy. Obviously -i is the factor to be employed, as it will not affect 
x^^ 

the third term injuriously, from the point of view^ of integration. The 
exact equation is then 

ydx- Xdy 

the solution of which reduces to 

cx + y log ic H- 1 = 0. 


Ex. 2. Solve (1 -f xy)ydx -h (1 — xy)xdy = 0. 
Rearranging the terms, ydx + xdy-{- xy^ dx - x‘^y dy = 0, 
that is, d^xy) -p xy^dx ~ x~y dy = 0. 


For this, the factor immediately suggests itself, and the equation 
becomes 

dCxy) dx dy_^ 
x:^y’^ X y 


Integrating, 
and transforming, 


1 , X 

h log- = Cl, 

xy "^y 


It will be well to try to find an integrating factor by inspection, before 
having recourse to the rules given in Arts. 17, 18, 19. 
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Ex. 3. a(^xdy + 2y clx) = xy dy. 

Ex. 4. — 2 mxy^) dx + 2 mx^y dy = 0. 

Ex. 5. y(2xy A e®) dx — e®(^?/ = 0. 


17. Rules for finding integrating factors. Rules I. and II 

Rules for finding integrating factors in a few cases will now 
be given.^ 

Rule I. When Mx -h Ny is not equal to zero, and the equa- 
tion is homogeneous, is an integrating factor of 

MX -f Nfy 

Mdx + Ndy = 0 . 

Rule II. When Mx — Ny is not equal to zero, and the 
equation bas the form 

fi (^y) ydx+f2 i^y) ^ dy = o, 

\ . is an integrating factor. 

Mx — JSFy 


Pkoof : 

Mdx + Ndy = I { {Mx + Ny)(^^ + ^'j + (Me - Ny) j. 

is an identity. This may be written, 

(a) Mdx + Ndy = i^{Mx + Ny)d-\osx.y + {Mx- iV2/)<Z- log||. 
Division, of (a) by Jlfa + Ny gives 

Mdx + Ndy _ w . w™ , , Mz~Ny _ 

Now yS. Mdx + Ndy is a homogeneous expression, is homo- 

geneous and equal to a function of and 


or, since 


y ^ 


^ Eor a discussion on and determination of integrating factors, see 
George Roole, differential Equations^ pp. 55-90. 
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Mda, + Ndy 


= \d- logxy A\F (log^) ^ • log 


Mx 4- Ny 
which is an exact differential. 

On dividing (a) by Mx — JV^, it becomes, 

= ivT — • ^ogxy 4- . log-, 

Mx — Ny Mx — Ny ® ^ ^ ® y 

and if Mdx + Ndy is of the form/i(5cy)?/dx +f 2 (o(:y)xdyj this will be 

= i - logxy + ^ d • log 

Mx - Ny fi(xy)xy - f2ixy)xy ^ ^ ^ 

= Fi(xy)d • logx?/ + J d • log-, 

= i52(log xy)d . log X?/ 4- J d • log % 
which is an exact differential. 

When ilfx 4- iVy = 0, — = — Substitution for in 
N X N 

Mdx 4- Ndy = 0 

and integration gives the solution x = cy. 

When ilfx — dVy = 0, — = Substitution for ™ in the differt 
N X N 

equation and integration gives the solution xy = c. 


Ex. 1. Solve (x^y — 2 xy^)dx — (x^ — 3 x^y)dy = 0. 
Ex. 2. Solve Ex. 3, Art. 9, by this method. 

Ex. 3. Solve y(xy 4- 2 x^y‘^)dx 4- x(xy — x^y^^dy = 0. 


18. Rules III. and IV. 

Rule III. Wlien ^ — is a function of x alone, say 
is an integrating factor. 
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For, rani tipi icatioii of 3fdx -f- ^di/ == 0 b j that factor gives, 
say, Mjdx + iVicZy = 0 ; and differentiation will show that 

dM.^dN^ 

dydx 

Ex. 1. + + = 

Ex. 2. (a ;2 4 - y^)dx ~2xydy=z0, 

dN dM 

Eule IY. When ^ is a function of y alone, say F(jy), 

Qiny)dy ig 2 ixi. integrating factor. 

This can be shown in the same way as in the preceding rule. 

Ex. 3. Solve (3 + 2 xy^dx 4 - (2 x^y^ — x^)dy = 0. 

Ex. 4. Solve (y^ + 2 y)dx A (xy^ + 2 y^ — 4x)dy 

19.* Rule V. where k has any value, is an 

integrating factor of 
! 

x°-y^ (my dx + nxdy) = 0 , 
for on using the factor, the equation becomes 

-d(x''”y’^)=0. 

K 

Moreover, when an equation can be put in the form 

x^y^ (my dx 4 - nx dy) 4 - x^y^t (m^y dx + n^x dy) = 0 , 

an integrating factor can be easily obtained. A factor that will 
make x^y^(my dx 4 - 7ixd7j) an exact differential is 
where k has any value ; and a factor that will make 

x^yPi (miy dx UiX dy) 

an exact differential is where ki has any value. 


* See L’Abh^ Moigiio, Calciil Differentiel et Integral (published 1844), 
t. 11. , No. 147, p. 355; Johnson, Differential Equations^ Art. 32. 
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These two factors are identical if 

Km — 1 — « = KiWii — 1 — «i, 

and Kn — 1 — j8 = kiWi — 1 — ^i- 

Values of k and can be found to satisfy these conditions. 

Ex. 1. Solve (y^-2yx^-)clx+(2xf--iifl)dy = 0. 

Rearranging in the form above, 

y\y dx + 2xdy)- x\2ydx + xdy)= 0. 

Ror the first term a = 0, ;8 = 2, m = 1, w = 2, and hence jg 

its integrating factor. Ror the second term a = 2, ^ = 0, m = 2, u = 1, 
and hence is its integrating factor. 

These factors are the same if 

/c~>1 = 2k'-1-2, 

and 2/c— 1— 2 = /c' — 1. 

On solving for k and k', k = 2 = and therefore xy is the common 
integrating factpr for both terms. 

The equation when made exact is 

xy {y^(y dx-\-2x dy) — x^(2 ydx-\-x dy)} = 0. 

^ ^ = c, or xhf{y'^ ~ x2) = c. 

Ex. 2. Solve (2 x^^y — Zy^)dx-\-{Zx^-\-2 xy^) dy = 

Ex. 3. Solve + 2 x^y)dx -f (2 ic^ _ xy)dy — 0. 

20. Linear equations. A differential equation is said to be 
linear wben the dependent variable and its derivatives appear 
only in the first degree. The form of the linear equation of 
the first order is 

where P and Q are functions of x or constants. 

The solution of ^ Py =: 0, 

CL0(j 

^=-Pdx, 

y 


that is, of 
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is 


y = or = c. 


On differentiation the latter form gives 

gJPd* _|_ Py 

which shows that is an integrating factor of (1). 

Multiplication of (1) by that factor changes it into the exact 
equation, 

e^pdx ^^y py^x) = 


which on integration gives 


or 


y^jpax + C, 

y = I J* e^^^Qdx -|- c * 


(2) 


The latter can be used as a formula for obtaining the value 
of 2/ in a linear equation of the form (1).* The student is 
advised to make himself familiar with the linear, equation and 
its solution, since it appears very frequently. 


Ex. 1. Solve x^^—ay = % + l. 
dx ^ 

This is linear since it is of the first degree in y and ~ Putting it in 
the regular form, it becomes 

dy a _ jc -j- 1 
dx x^ ~ X 

Here P = — and the integrating factor is — • 

X cc« 

Using that factor, the equation changes to 


Xa ^ 


Xa+l 


1 : 

a* 




whence 


J/=-2 1+ C!C«. 

1 — a a 


* Gottfried Wilhelm Leibniz (1646-1716), who, it is generally admitted, 
invented the differential calculus independently of Newton, appears to 
have been the first who obtained the solution (2). 
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The values of P and Q might have been substituted in the value of y 
as expressed in (2). 

Ex. 2. Solve 

dx ^ 

Ex. 3. Solve cos2 rc ^ -f y = tan x. 

Ex. 4r. Solve (x-\-l)^-ny — e^(x 4- 
Ex, 5. Solve {x- + 2xy = ^x-. 

21. Equations reducible to the linear form. Sometimes equa- 
tions not linear can be reduced to the linear form. In particu- 
lar, this is the case with those of the form* 

( 1 ) 

where P and Q are functions of x, For, on dividing by 2/" and 
multiplying by (— n 1), this equation becomes 

(- n + + (- « + 1) = (- n + 1) Q; 

on putting 'u for it reduces to 

^ + {l-n)Pv={l-n)Q, 


which is linear in v. 

Ex. 1. Solve ^ ^ 2/ = • 


Division by y^ gives jLt^~ ^2 

dx X 

On putting v for ys, this reduces to ^ - v = - 5 the linear form. 

dx X 

Its solution is v = y-^ — cx^ + 

2 

* This is also called Bernoulli^ s equation^ after James Bernoulli (1664- 
1705), who studied it in 1695. 
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13. 
/ 16. 
. 17. 

18. 

19. 

20 . 


dy 4 a: 

^ j y z= - 

‘ /v-i 1 ^ I 


■sl. 

^dx 


^-^a:-2 + r “(a:2 + l)" 
x^ydx - (x^ + y^)dy - 0. , 15. (x^ + + l)dx - 2 xydy = 0. 

xdx + ydy = m(xdy — ydx). 

Integrate Ex. 16, after changing the variables by the transformation 
a: = rcos^, y = rsin 6 . 

(l 4- e^)(fic+ e^^l = 0. 21. ^=xh/-xy. 

+ y cos X = r sin 2 x. 22. ydx+(a x‘^y^ - 2 x)dy = 0. 


(lx 


(*+ 1)^+ 1=26-!-. 
ax 


23. (1 + 6j/2 - Zxhii^ = Zxy^- x2. 




4. y (*= + 2/- + + 3 c(x2 + !/2 - a2) = 0. 


25. (x^y^ + xy)dy = dx. 


27 . 


29. ydy hy-dx = a cos x dx. 

30. 2 xy £2 x + _ o 

- X. 31. {xf--(^')dx-x-ydy = 0. 


y^=ax. 


-.dy 


(=^ + V)g + (x-y) = 0 . 


(3y 4- 2x + 4)c?x ~ (4x -f 6 y + 5)c?y = 0. 

j^y 


35 . 


34. (x3y3 4. a;22/2 -f a;?, 4. i^y 4. (^32/8 _ - xy + l)x^ = 0. 

{2x^+y)dx-(x?y-Zx)dy=0. 37. ^ + = 
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CHAPTER III. 

EQUATIONS OF THE FIRST ORDER, BUT NOT OF 
THE FIRST DEGREE. 

22. Equations that can be resolved into component equations 
of the first degree. In what follows, ^ will be denoted by p. 

The type of the equation of the first order and -nth degree is 
4- -f ••• H- Pn-iP + = 0, (1) 

where Pj, P 2 , •••, P„, are functions of x and y. 

Two cases appear for consideration, viz. : 

(a) where the first member of (1) can be resolved into 
rational factors of the first degree ; 

(b) where that member cannot be thus factored. 

In the first case (1) can take the form 

(p ^ ROip - P 2 ) - (P - Bn) = 0. (2) 

Equation (1) is satisfied by a value of y that will make any 
factor of the first member of (2) equal to zero. Therefore, to 
obtain the solutions of (1), equate each of the factors in (2) to 
zero, and obtain the solutions of the n equations thus formed. 
The n solutions can be left distinct or combined into one. 

Suppose the solutions derived for (2) are 

fi y, Cl) = 0 , /, (a;, C 2 ) = 0, • • ■, /„ (x, y, c„) = 0, 

where Ci, Cg, are the arbitrary constants of integration. 

These solutions are evidently just as general, if Ci= Cg = “• 
= c„, since all the c’s can have any one of an infinite number 
of values ; and the solutions will then be 
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/i (», y> C) = 0, f, (x, y,c) = 0,- (x, y, c) = 0. 
These can be combined into one equation ; namely, 

/i 2/j c )/2 {x, y, c) • ■ • /„ (x, y, c) = 0. 

Ex. 1. + 2 xp^ - ?/2p2 2 xy^^p = 0, can be written 

p(p-{-2x)(p-y'^) = 0. 

Its component equations are 

j> = 0, p + 2 a; = 0, p — ?/2 = 0, 
of which the solutions are 

y = c, y + = c, and + c?/ -f- 1 = 0, 

respectively. The conabined solution is 

(y- c)(y + - c)(a:^ + cy + 1) = 0. 

When the equation in p is of the second degree, sometimes the solut 
readily presents itself in the form (3) as in the next example. 

Ex. 2. Solve 

dx 

I k 

Integrating, y + c = ± | a'^x''^. 

Rationalizing, 25(y + c)’-^ = 4 ax^, 

or 25(y + c)^ — 4 ax^ = 0. 

Ex. 3. Solve p^(x + 2 y) + Sp^(^x + 2 /) + (y + 2 x^p = 0. 

Ex. 4. Solve = ax'^. 

Ex. 5. Solve 4y-p- + 2pxy(S x + 1) + Sa;^ = 0. 

Ex. 6. Solve p^ -Ip + 12 = 0. 

23. Equations that cannot be resolved into component equatio: 

Methods which may be tried for solving equation (1) of t 
last article, when its first member cannot be resolved it 
rational linear factors, (case (b) Art. 22), will now be shown, 
That equation, which may be expressed in the form 

f(x, y, p) = 0, 

may have one or more of the following properties. 
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(it) It may bo b( livable for //. 

(6) It may Holvable for x. 

The oast^ wh(U‘o it is solvable for ‘p has been conHidered iu 
the prcMHMling H(‘<‘tioii. 

(r) It either may not contain a*, or it may not eoutain ;//. 

(d) It may bo homogeneoim in x and //. 

(o) It may \ns of tln^ first d(‘gree in x and y, 

24. Equations solvable for y. When the eomlition (a) liolds, 
J\x, y, p) .»' 0 can put in the form 

// F{x, p). 

Differentiation with respeet to x givt^s 



which is an ecpiation in two variables x an<l2>; from tliis it 
may be possibh^ to deduce a relation 

^ (^, p, e) 0. 

The elimination of p between tlie latter and the original 
cnpiation gives a relation involving x^ //, and r, whudi is the 
solution rmpiirml. 

When th(' elimination of p between thcnse e([uations is not 
easily pnud.ieabhs the valmm of x and // in terniB of p m a 
parametcu* can he fouml, and tht'se together will eoustitute the 
solution. 


Ex. h Hiilve y - |/y 
Ilcrt^ 




y 


X -- 

p 


I hfferentiat iiig lUitl cileiiring of fraetlmis, 

This oiui be put in the linear form 


dx 1 tip 

,ip~ p(i " t .-p«' 
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Solving, X = - - ^ - ~ (c -f a sin -^p ) . 

vl 

Substituting in the value for y above, 

y~ - ap-\ — : :L— (c + a sin-ijp). 

Vl — 

Ex. 2. Solve y = X + a tan-i_p. 

Ex. 3. Solve 4 y = 

Ex. 4. Solve xp^ — 2 yp -j- ax = 0. 

25. Equations solvable for x. Wlien condition (6) bol 
/ 2/> P) = ^ form 

a; = 2?’0, p). 

Diiferentiation with respect to y gives 



from which a relation between p and y may possibly 
obtained, say, 

f(y, p, c) = 0. 

Between this and the given equation p may be eliminated, o 
and y expressed in terms of p as in the last article. 

Ex. 1. Solve X = y + 

Ex. 2. Solve X = y + a logp. 

Ex. 3. Solve 2px = y. 

26. Equations that do not contain x; that do not contain 

"^Yhen the equation has the form 

/(y. p) = 0, 

and this is solvable for p, it will give 

t-m. 


which is integrable. 
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If it is solvable for y, it will give 

which is the case of Art. 24. 

When the equation is of the form 

f(x, p) = 0, 

and this is solvable for p, it will give 

which is immediately integrable. 

If it is solvable for x, it will give 
x = F(j)), 

which is the case of Art. 25. 

It is to be noticed that in equations having either of the 
properties (c) Art. 23 and not solvable for p, on solving for 
X or y the differentiation is made with respect to the absent 
variable. 

By differentiating in cases (a), (h), (c), there is a chance of 
obtaining a differential equation, by means of which another 
relation may be found between p and x ov y in addition to the 
original relation. These two relations will then serve either 
for the elimination of p, or for the expression of x and y in 
terms ofjp. 

Ex. 1. Solve 2 / = 2p + Sp-. Ex. 3 . Solve 

Ex. 2 . Solve 2 c(l 4- p^) = 1- Ex. 4 . Solve = a^(^l 

27. Equations homogeneous in x and 2/* When the equation is 
homogeneous in x and y, it can be put in the form 
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It may be possible to solv(^ tliis for and ilum to 
as in Art. 9 ; or to solve it for ami obtain 

X 

If = xf(p), 

whiclx conies under c.ase (a) Art., 28. 

Proceeding as in Art. 24, ditTmamtiatti with respect f,o x, 


whence 


jP=/0') + ;<•/’' 
dx ^ f^( p) dp 


^ p -/( pY 

where the variables arc sc^paratcd. 

Ex. 1 . Solve 1/2 xifp — ==: 0. 

Ex. 2 . Solve y = yp‘^ -f 2px. 


28 . Equations of the first degree in x and //. Clairaut’s equat 
When the condition (c) Art. 28, holds, the ec|uatiou, hi| 
solvable for (r, and for ?/ as well, coim^H under oaH<‘s (a) uml 
considered in Arts. 24,25. IIowoviu’, there is one parties 
form of these ecpiations of the first degree in a* ami i/ | 
is of special importan(;e, namely, 

y = px 4'/(p), 
which is known as ClammPs <’(pi((thn* 

Differentiation with respect to x gives 

p=p+lx+f'(p)l'll\ 

whence ^4*/'(p) = 0, 



^ Alexis Claude Olairaut (1713-17(15), ceiebratf^cl for Ids riwea)reli©i 
the figure of the earth and on the motimis of tha moon, wiw ilm 
who had the idea of aiding tha integration of differential et|itiit.l«it}| 
differentiating them. He applied it to the ec|tiiitIon tliit now 
name, and published the method in 17S4, 
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From Uia latter equation, it follows thatj>==:Cj and hence 
l/z^vx+f(c) 

is the solution. 

The e(|uation x +f'(p) — 0 is considered in Art. 34. 

Any equation satisfying condition (c) can be put in the form 

y == '^'J\ {V) +A(lO* 

If /i(p) -= p, it is in Clairaut’s form. By proceeding as in 
Art. 24 and difTcu’cutiating with respect to x thoi'e is obtained 

?> + S-«/i'(?0 

. /a' O'L., 

’ ' <<p p A^py^p-jiipy 

which is linear iu u*; and from this a relation between x and p 
may be dediu'ctl. 

'rhe student should l)e familiar enough with CJlairaut’s form 
to recognize it rmulily. 

Home etjuaiiouH are reducible to this form ; Ex. 2 is an 
illustration. 

Ex. L Holve -f "t* 

Dlthirantiating, p - I [• p f (x + 
dx , 

••• 

which 1» llncmr. BtUving, 

X - 2(1 -p)’f 

imcl hence ^ ’ss 2 -• -f- (I + p)ce ■» 

from the given ecjimtion. 

Ex. 0. Helve x^(|/ - par) ^ 

On putting - «, luul the tujnatian becomat 



which Is Clalritut^s form. 


and hence 


*% cu + c®, 
^ rx® + #• 
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Ex. 3. Solve y = xp sin “ 

Ex. 4. Solve — 1) + e^yjpS == o. 

Ex. 5. Solve xy{y —px)=x +py. 

Solving for xory may be of service in the case of equations of the first 
degree in p ; this is illustrated in Ex. 6. 

Ex. 6. Solve ^ + 2 try = ic- -h y^- 

The solution for y gives the equation y = x + Vp, 
which is of the form discussed in Art. 24. 

The solution is y = x+ ~ 

c — 

29. Summary. What has- been said in this chapter con- 
cerning the equation /(cc, y, p) = 0, of degree higher than the 
first in p, may be thus summed up : 

Either solve f(x, y,p) = 0 for p, and obtain a solution cor- 
responding to each value of p ; or, 

Solve for y or x, and, by differentiating with respect to x or 
y, obtain an equation, whence another relation between p and 
X or y can be found. This new relation, taken in connection 
with the original equation, will serve either for the elimina- 
tion of p, or for the evaluation of x and y in terms of p ; the 
eliminant or the values of x and y will be the solution. 


EXAMPLES ON CHAPTER 111. 


2. y=p{x-l) +|. . 

3. xy^(p^ -t* 2) = 2py^ + x^. 

4. y = — xjp + x*p\ 

6. ijS _ 9^ ^ 13 — Q ^ 

10. ^p^^ — 2 xyp + 4 y2 — a;2 

11. (a:a + y2)(l+p)2^2(cc. 


6. ayp2 + (2 a; ~ b)p — y = 0. 

7. y - pac = \/l -h p^(i>(x^ + y-) • 

8. (ap-y)2=:a(l+jp2^(2C2 + y2)a. 

9. (xp — yy =zp^ — 2^p + 1. 

= 0 . 

l-y)(l -f p)(«-l-yp)-l-(x + yp)2 = 0. 



1 




{py+itxY=(3l^ + nxP^')0.-^p'^). / j 

/2(l-p2) = 6. ' 

(p* -y)(py+ a:)=**i’- vTTF ” 

p2 + 2 ^> 2 / cot X = 2 / 2 . 18. y -2px=f{xpf^). 

19. X2(p2+i>(3a:^ — 22/^)— 6 x2/ = 0. 

20. — 4 £C?/p 4- 8 = 0. 

21. p8 _ (x2 4- 5C2^ 4- 2/^)p^ + (5C®2/ + + ^y^)P — 



2)3 + TOp2 = o(2/ + mx). 2g_ j, _ (1 4.p2)“2 = j, 

,3x(^_l)+p3,^ = 0. ^ 2/=D2:4-- 

^1— S/2+^^P^— 2-J»+^=0. 27 2/ = 2i5X + !/2p’- 
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CHAPTER IV. 

SINGULAR SOLUTIONS. 

30 . References to algebra and geometry. In this explanation 
of singular solutions,* use will be made of a few definitions 
and principles of algebra and geometry; particularly of the 
discriminant in the one, and of envelopes in the other. Arti- 
cles 31 and 32 will serve to recall some of them. The student 
is advised to consult a work on the theory of equations and a 
differential calculus concerning these points. 

31 . The discriminant. The discriminant of an equation in- 
volving a single variable is the simplest function of the coeffi- 
cients in a rational integral form, whose vanishing is the 
condition that the equation have two equal roots. F6r exam- 

ple, the value of a; in -h -f- c = 0 is — - ^ ^ — 4 ac . 

Jj Ot 

the condition that the equation have equal roots is that — 4 ac 
be equal to zero. The discriminant is 6^ — 4 ac ; the equation 
6- — 4ac = 0 will be called the discriminant relation. 


* Leibniz in 1694 (see footnote, p. 27), Brook Taylor (1685-1731), the 
discoverer of the theorem called by his name, in 1715, and Clairaut (see 
footnote, p. 36) were the first to detect singular solutions of differential 
equations. Clairaut refers to these solutions in a paper published in the 
Memoirs of the Faris Academy of Sciences in 1734. Their geometrical 
significance was first pointed out by Lagrange (see footnote, p. 166) in 
an article published in the Memoirs of the Berlin Academy of Sciences 
in 1774, in which he also showed' a way of obtaining them. The theory 
at present accepted is that expounded by Arthur Cayley (1821-1896) in 
an article in the Messenger of Mathematics, Vol. II., 1872. 
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Wluui the 0 (| nation in quadratic., the diH(n*inuinint can be 
wriU.eu immediately; but when it is Biieh that the condition 
for equal roota in not eanily perceived, tlu'. discriminant is fotiml 
in the followiiif? way. The given e(iiiation being F=(), form 
another equation by differemtiating F with respc'ct to the vari- 
abhq and eliminate the variable between tlu‘. two equations. 

For examples, 

<f>(x, y, c) = 0 

may be lookcal on as an equation in c, its (‘oeflicients then Ixnng 
functions of x and //. The simplest rational futiction of x and 
y, whose vaiushing ex[)r(^sHcs that the equation (;r, y, c) 0 
has e({mil roots for c, is called tin*, c discriminant of and is 
obtained by eliminating c Vjetween the etpiatious, 

4,(;x,y, c) = 0, 

Thus the c diseriminaut relation reprt^sents the hxuis, for 
point of whitdi (.r, y, e) =s 0 has ecpial values of c. 

Bimilarly, tlu^ p discriminant of /(a?, y,p) 0, the differcmtial 
ecpuitiou c.<u’rt*H|Kmding to y, c) « 0, is obtained by elimi- 
nating p between the equations, 

J (^> ,Vj p) ^ ^ 

Thus the p discriminant relation represents the loc.us, for each 
point of whi(*h f(x, y, p) — 0 has ecjual values of p. 

In orden* that there may be* a c and a p diHcriminatii, the above 
equations must be of the H(*c(md (h'gree at Ic'ast in c and p, Iti 
Art. B it was pointcsl out that tln*He (sjuatioim are of the same 
degrees in c and p, and hence, if there is a p cliseriminant, there 
mnst he a c cliHcriminaut 

32. The envelop. If in y, e) sss 0, e he given all possible 
values, there is obtained a set of eurvi*s, infinite in nnmber, of 
tlu^ same khul Huppose that the c’s are arranged in order of 
magtdinde, tlia successive thus differing liy infinitesimal 
amountH, and that all tlmm curves are drawn. Ourvci corrii* 
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spending to two consecutive values of c ar© 
curves, and tlieir intersection is called ' 

intersections The limiting position of thes^ 
tion includes the envelope of the system of 
in works on the differential calculus, that th^ 
of the locus of the equation obtained by elinxi^^'^ 

<}>(x, y, c) = 0, 

and ^ — n 

dc~~ ’ 

that is, the envelope is part of the locus of t;lx^ < 
relation. This might have been, anticipated^ ^ 
limit the c’s for two consecutive curves becoxxx^ < 
c discriminant relation represents the locus of 
<l>(x, y, c) = 0 will have equal values of c. 

It is also shown in the differential calcixl'^^. 
point on the envelope, the latter is touched t>y 
the system 5 that is, that the envelope and 
curves have the same value of p at the point- 

33. The singular solution. Suppose that 

/fe y3P) = 0 
is the differential equation, which has 

^ (a?, y, c) = 0 

for its solution. It has been seen, in Arts. 4— fl] 
of curves which is the locus of f(x, y, p) == O 
curves obtained by giving c all possible valrros 
X, y,p, at each point on the envelope of the sys 
which is the locus of (2), being identical writlx 
some point on one of these curves, satisfy (1). 
equation of the envelope is also a solution of fix; 
equation. This is called the singular solution.. 
guished from a particular solution, in that if is 
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in the general solution ; that is, it is not derived by giving 
the constant in the general solution a particular value. 

The singular solution may be obtained from the differential 
equation directly, -without any knowledge of the general solu- 
tion. For, at the points of ultimate intersection of consecutive 
curves, the p’s for the intersecting curves become equal, and 
thus the locus of the points where the p’s have equal roots 
will include the envelope ; that is, the p discriminant relation 
of (1) contains the equation of the envelope of the system of 
curves represented by (2). In the next article, it will be shown 
that the p and c discriminant relations may sometimes repre- 
sent other loci besides the envelope : that is, they may contain 
other equations besides the singular solution. The part of 
these relations that satisfies the differential equation is the 
singular solution. 

Ex.l. = + +(!)', 

which is in Clairaut’s form, has for its solution 
2 / = cx -h « V 1 -f 

This, on rationalization, becomes 

~ a;2) 4- 2 cxy + cfi — ?/2 = 0, 
and hence the condition for equal roots is 

aj2 ^ y2 — ^2^ 

This relation satisfies the given equation, and hence is the singular 
solution. 

In this example, the general integral represents the system of lines 
y = cx -f aVl + c^, all of which touch the circle + ?/- = d^. 

Ex. 2. Eind the general and the singular solutions oi + — xj = 0 

Ex. 3. Eind the general and the singular solutions of dy\/x = dxVy. 

Ex. 4. Eind the singular solution of x-p"^ — 3 xyp + 2 -l- =0. 

Ex. 5. Eind the general and the singular solutions of 
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34. Clairaut’s equation. In finding the solution of Cluj i; 
form in Art. 28 , there appeared the equation 

»+/'(p) = o, 

wMcli is as important as the equation ^ = 

with it. The foregoing shows what part equation ( 3 ) pUt 
solving Clairaut^s equation. On differentiating y~px f 
with respect to p, ( 3 ) is obtained. The elimination 
between these two equations gives the p discriminant ml;; 
which here represents the envelope of the system of liiifii 

2/=ca;+/(c) 

represented by the general solution. 

35. Relations, not solutions, that may appear in the p and 
criminant relations. It has been pointed out that tln^ 
criminant relation of f(x,y,p) = ^ represents the lotni?! 
each point of which f(x, 2/? p) = 0 will have equal value h i 
and that the c discriminant relation of y, c) = 0 , th«l 
eral solution of the former equation, represents the lof*i| 
each point of which y, c) = 0 will have equal valu 1*^941 
It is known also that each point on the envelope of the 

2/, c) = 0 is a point of ultimate intersection of a ji;i 
consecutive curves of that system ; and, moreover, that at 
point on the envelope there will be two equal values of f ; 
for each of the consecutive curves intersecting at the § n 
and that, therefore, the singular solution, representing 
envelope, must appear in both the p and the c discrlit* 
relations. But the question then arises, may there ni 
other loci besides the envelope, whose points will l 
f{Xf y^ p) = 0 give equal values of p, or make <l)(x, #1 

give equal values of c? In other words, while the p uti^ 
c discriminant relations must both contain the singular 
tion, which represents the envelope if there be one, iniiy 
not each contain something else ? 
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36. Equation of the tac-locus. At a point satisfying the p 
discriminant relation there are two equal values of p] these 
equal p's, however, may belong to two curves of the system 
that are not consecutive, but which happen to touch at tlie 
point in quesuon. Such a point of contact of two non-consecu- 
tive curves is on a locus called the tao-loms of the system of 
curves. The equations representing the tac-locus, while thus 
appearing in the p discriminant relation, will not be contained 
in that of the c discriminant ; since the touching curves, being 
non-consecutive, will have different c’s. 

Ex. Examine 2 /^( 1 = A 

Solving for p, jp = 

y 

I 

Integrating and rationalizing, 

^2 -1- (oj + c)2 = r2. 

The general solution, therefore, represents a system of circles having a 
radius equal to r and their centres on the x axis. 

The c discriminant relation is 2/2 — r2 = 0, 
and that of thep discriminant is ^ 2(^2 _ r2)= 0. 

Thus the locus of the latter is made up of the loci y — and of 
y =z0 counted twice. 

The equations y = that appear in both the j) and the c discriminant 
relations, satisfy the differential equation, and hence form the singular 
solution; they represent the envelope. 

The equation y = 0, as is apparent on substitution, does not satisfy the 
differential equation. Through every point on the locus y = 0, two circles 
of the system can be drawn touching each other ; that equation, there- 
fore, represents the tac-locus. 

The student is advised to make a figure, showing the set of circles, 
their envelope, and the tac-locus, as it will help him to understand this 
and the preceding articles. 

37. Equation of the nodal locus. The c discriminant relation, 
like that of the p discriminant, may contain an equation having 
a locus, the a;, y, py of whose points will not satisfy the differ- 
entia' equation. 
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.e general solution (x, y, c) — 0 may represent a set of 
}s each of which has a double point. Changing the c 
ges the position of the curve; but not its character. These 

A 



Fig. 1. 


3 s being supposed drawn; the double points will lie on a 
5 which is called t/ie nodal locus. In the limit two con- 
live curves of the system will have their nodes in coin- 
ice upon the nodal locus. The node is thus one of the 
Late points of intersection of consecutive curves ; and, 
fore, the equation of this locus must appear in the c dis- 
nant relation. But in Pig. 1, where A, B, are the 
js and L is the nodal locus, at any point the p for the 
[ locus L is different from the p’s of the particular curve 
passes through the point ; and hence the x, y, p, belong- 
3 -L at the point, will not satisfy the differential equation. 



Fig. 2. 


d; in general, the x, y, p, at points on the nodal locus will 
atisfy the differential equation; for the case would be 
tional where the p at any point on the nodal locus would 
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coincide with a p for a cur ye of the general solution passing 
through that point; where, in other words, the nodal locus 
would also be an envelope, as in Pig. 2, in which A, B, Ly 
have the same signification as in !Fig. 1. 

Ex. xp- — (£c — a)- = 0 has for its general solution 
2 ^ 4- c = § £C^' — 2 ax^ ; 

that is, 1(2/ 4- c)2 = ic(a; ~ 3 a)2- 

Thejp discriminant relation is x(x —■ a)'^ = 0, 
and that of the c discriminant, x(x — 3 ay = 0. 

The relation x = 0 satisfies the difierential equation ; hence it is the 
singular solution and represents the enve- 
lope locus. 

The relation x — a = 0, which appears 
only in the p discriminant, does not satisfy 
the differential equation ; it represents the 
tac-locus. And x — 8a = 0, which is in 
the c discriminant, does not satisfy the 
original equation ; it represents the nodal 
locus. 

Eigure 3 shows some of the curves of 
the system, the envelope, the tac, and the 
nodal loci. 

38. Equation of the cuspidal locus. 

The general solution cf) (x, c) = 0 
may represent a set of curves each 
of which has a cusp. These curves 
being supposed drawn, the cusps 
will lie on a curve called the cuspidal 
locus. It is evident that in the 
limit two consecutive curves of the system will have their 
cusps coincident upon the cuspidal locus, the cusps thus being 
among the ultimate points of intersection ; and hence the cuspi- 
dal locus will appear in the locus of the c discriminant relation. 
Moreover, the p^s at the cusps of consecutive curves will evi- 
dently be equal; and therefore the cuspidal locus will appear 


X— a x—3u 
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in the locus of the p discriminant relation. Like the 
locus^ it will not, in general, be the envelope. 


Ex. 1. The differential equation 

-j- 2 ccjp — 2/ = 0 

has for its general solution 

(20:3 + 3x2/4- c)2 — 4(x- + yy = 0. 
Thep discriminant relation is 

X^ + 1j=z0, 

and the c discriminant relation is 


(x2 + ?/)3 = 0. 

Equation (1) is not satisfied by (3), and hence there is no si: 
solution ; ^ — 0 is a cusp locus. 


Ex. 2. The equation 8 ap^ = 27 ?/ 
has for its general solution a?/^ = (x — c)^; 

the p discriminant relation is 2 / = 0, 
and the c discriminant relation is = 0. 


<<<< -< 


Fig. 4. 


The equation 2 / = 0 satisfies the differential equation, and there 
the singular solution. It is also the equation of the cusp locus. 

4 illustrates this example. This is one of the very exceptional 
where the cusp locus coincides with the envelope. 


39. Summary. When the loci discussed above exist, 
in the p discriminant relation will appear the equations ( 
envelope locus, of the cuspidal locus, and of the tac-locus 
in the c discriminant equation will appear the equations < 
envelope locus, of the cuspidal locus, and of the nodal loc 


* See Edwards, Differential Calculus^ Arts. 364-366 ; Johnson, 
ential Equations^ Arts. 46-54; Forsyth, Differential Equations, 
23-30; an article by Cayley, “On the theory of the singular solut 
differential equations of the first order” (^Messenger of MathevnatU 
II. [1872], pp. 6-12) ; an article by J. W. L. Glaisher, “Examplei 
trative of Cayley’s theory of singular solutions” (Messenger of . 
mattes, Vol. XII. [1882], pp. 1-14). 
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'rh(‘ p (Usc.riiuiiuiut rcliitiou contains the cMiuations of the envelope, 
cuspidal aiul tac, loc.i, ouc(‘, oucc, and twice r(^sp(‘ctivcly ; and the c dis- 
criminant n‘,lation contains the equations of the envelope, cuspidal and 
nodal loci, once, three thues, and twice respectively.* 


EXAMPLES ON CHAPTER IV. 

Solve and llud the Hinf;*ular solutions of the following equations : 

1- Jcp'^ • 2 HP q ax ■ 0. 3. y* — 2 pxy -f — 1) = 

2. x'^p'^ d' q- a'* :::: 0. 4. y = Xp H- d- 

6 . if - xp - p'\ 

6. Kxauiim^ I'lxs. 2, 4, 20, 20, Chap. III., for singular solutions. 

7. Solve 4 p- Ocr, and oxainiue for Hingular solution. 

8 . Inve.HtigaU' for singular solution 

4 xi:r . . 1 ) (x - 2)p‘^ (3 ~ 0 x + 2)*-^ = 0. 

9. Solve and exandne for singular solution (8p» — 27)x = 12 p^y, 

10. p'^(x^ « a^) - ■ 2 pxy -f //“ -•“ — 0. 

I 

11. 

* 'rids is proved in an artiele by M.J. M. IIlll, “On the c and p dis- 
criminant of ordinary integrable differential equations of the first order” 
(/Vor. lojaL Math, Sue., Vol. XIX. [1888], pp. 501-580). This article 
yupplemeuiH Cayh^v’s, luentioiuul above. 

Proh^HHor ('lirystal has shown that the p diHcrhiduaut locus is in gen- 
yral a cuspidal locus for the family of integral curves. (Nature^ Vol. LIV., 

1800, p. 101.) 

B 
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CHAPTER V. 

APPLICATIONS TO G-EOMETRY, MECHANICS, 
AND PHYSICS. 

40 . The student "will remember that, after deducing the 
methods of solving various kinds of algebraic equations and 
working through lists of these equations, he made practical 
applications of the knowledge and skill thus acquired, in the 
solution of problems. In the process of finding the solution 
of one of these problems, there were three steps : first, forming 
the equations that expressed the relations existing between the 
quantities considered in the problem; second, solving these 
equations; and third, interpreting the algebraic solution. 

In the case of differential equations, the same procedure 
will be followed. The three preceding chapters have shown 
methods of solving differential equations of the first order. 
This chapter will be concerned with practical problems, the 
solution of which will reqirire the use of these methods. The 
problems will be chosen for the most part from geometry and 
mechanics; and it is presupposed that the student possesses 
as much knowledge of these subjects as can be acquired from 
elementary text-books on the differential calculus and me- 
chanics. 

As in the case of algebraic problems, there are three steps 
in obtaining the solution of the problems now to be considered : 

Tirst, forming the differential equations that expre?^ fche 
relations existing between the variables involved. 

Second, finding the solution of these equations. 

Third, interpreting this solution. 



ArrhlCATlONS. 


61 


ro will h(^ only t.wo varial)l<‘H involvod in ejudi of 
ms, and hut a singl(‘ oquaiioti will bo required. 

li()i(*.(^ of exam pies for this (duiplor is restimd^ed, lu’cause 
initial (Mpiaiions of the first ord(‘r only have so far been 


Geometrical problems. T\w si.mhnit should revicnv the 
!S in the dinVr(*iitial eahudus that deal with (iurve\s; in 
uhu\ those' iirtieles that trea.t of the tauiJ^cmt and tiormaU 
dir(‘(d.ions, hmgths, and projiictions, and the a.rtiel(‘s that 
s e.urvatur(‘ and tin* radius of eurvafure. ''rids revit'W 
i(i of gr(‘at si*vvi(*e in helping him to express the data of 
•obh*m in tlu* form of an e<|uu.tiom and to inter]>ret tlie 
)U of this ecpiatiou. The eharaeter <»f tin*. geom(*trieal 
iins a.nd tin* method of tlu*ir solution will in general be 
lows. A e.nrve will be tleserihed by some property bti- 
ig to it, and from this its etputiion will have to Vx* diulueed. 
is lik(* what is doiu* in lumlyth* gt*om(*try, but here thci 
nmi. of the projierty will take the form of a dilTerc*ntial 
on; the soluticm of this dilTercmtial c‘(piatioM will be the 
'(ul ('(Illation of th(i (uirvii. 


Geometrical data, Tlie following list of some of the 
}ia.l g('omt‘irit*al deduetions (d* the (Ufb'rc'nthil ealeulus is 
for r(*f(‘r(*m*(\ It will of H('rvit*(^ in forming the dif- 
,ial ('(fuations whieh exprc'HS tlu^ c‘onditionH statc'd in tin* 
miH, or, in other words, giva* tin* properties bi'lunging to 
irv(‘H whose e(|uaiionH an^ recpdiTd. 
ipoH(' that, the (upiation of a eurv(% n'ctangular eo-onlinates 


ehos(*n, is 


y or F(x, t), 


liat (>, ?/) is any point on this (*urv(\ Then is the 
of tln^ tangent at the point (>, //), Ae. the tangent of the 
that the tangent, line* tlu'ta* makes with the a*-axis; 
slope of the normal ; the ('(piation of the tangent at (u*,?/), 
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X, Yf being the current co-ortlinatc's, is }' // ^ ( X x \ ; and 

the equation of the normal is V - v— (A* a*i; fin‘ inter- 

cept of the tangent on tlie axis of x is x — // ‘ ; the intere<*pi 

(hi ' 

of the tangent on the axis of // is // — ;r ; th(‘ haigth oi tho 
tangent, that is, the part of tla^ tangent lH‘t\vc‘fn the puint 
and the ic-axis, is 


.1 + 


is ; the long 


''.'4 


; tiui hnigth of the ncn'iual 

igth of tiu‘ Huhtangent is v Hie 

’ ”// 

length of the subnormal is y ; tlu^ ditfm'ential <d* t he length 

' dx 


of the arc is -^1 dlR or -^1 + the lUtTerentiai 

of the area is y dx or x dy. 

Again, let the equation of the curve in |)olar e(Kir«liuatr‘s he 


/(r, t9)=0,orr=/'h:t9h 

and (r, 0) be any point on the curv(\ Then the tangent of the 
angle between the radius vector ainl the part of tin* tangent 
to the curve at (r, drawn baek towards the initial Urn* is 

^ ir ’ ^ ■vectorial anghs tji (.h(> angle lii‘t\veen the rail inn 

vector and the tangent at (r, 0), and ^ the angle tliut thin 
tangent makes with the initial line, + the length ui’ 

the polar subtangont is the length of the iH.lur sule 

dr ^ 

normal is — ; tho differential of the length of the air i« 

if P the length of 

the perpendicular from the pule upon the tangent,* then 

• Williamson, CWcataa, Art. la'i; KtlwardH, IHffrrxntutl 

Calculus for Begimicrs^ Art. 95. 




lacamples. 

th«‘ (Mirv(' whose* suhtan^^put in n tinu^ tho abnclHsa 
>int. of foiitju't ; and Ihnl thn parlieuilar e'urvn which paHHt‘H 
hn pniut (2, .’I), 

, //) lu‘ uuv point upon tin* furve*. 'I'lu* suhtauK^nit is if . 'rhcrc- 

‘ iitj 

couditi<ni that, must lx* sati.slhsl at any lunut of the mpdreHl 
other worths, tin* idveti property of the curve, Is exprcHHctl by 
ion 

ih' 

V , tua 

atiou Riv(*H n h»K|/ h>ge.r, whence, 

//« c/. 

:*prij«entH a family t:d tmrvt^H, each t)f which |>mbcs through the 
*\n’ tlu^ pavtieular eurvt^ that paHHi*H tlnanigh (2, Ji),c muatbe 
ttuaiion is 

2 .*h' 

n 1, the vtnjuirtnl eurvt* Is aity one of the Htraight Unes wldch 
aigh the (»ri|dn ; the etjualioii td' the particular line thrimgli 

2// d/. 

n 2, lh(' ettrvea having tlie givt'ti pr(»pt»rty tire the imrabolaa 
rtlecH are at the origin, ami whose axes eohudde with the /-axis j 
nilar parahola thrtmgh (2, d) has the (‘quathrn 

u I, tiu» rtnpdrmi eurvi^ is any one (if the nyMtem of mnni- 
araholns that havt* tlndr vuTlitu^s at the origin and their axes 
g witli the axis of y, 

eurveH have the given propmiy wlum n \ ? When n 

. Find the eurve In wliieh the perpentlleular upon the tangent 
foot ((f t!»e ordinate of the piilnt of ermtaet Is eoiwtant anej ei|utU 
t depaaidne the emiHtant of luiegriUion Iji such a manner that 
I Mhttll cut the axis of tj at right angleM. 
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Let (x, y") lie any point on the curve. Tlie equation of the tangent at 
(X, y) is 

the length of the perpendicular from (x^ 0), the foot of the ordinate, 

-y 


upon the tangent is /' 




dx) 


Therefore, the given property of the curve is expressed by the equation 
~~ y „ . /ON ddy 


( 1 ) 




== a ; from this, (*2) 




= dx ; 


?/ SC 

integration gives * cosh- = - + c ; 

® ^ a a 


whence 


(3) | = coshg + c). 


It is also required that there be found the particular one of these 
curves that cuts the y-axis at right angles. This means that for this 

curve, ~ = 0 when a; = 0. Now differentiation of (3) gives 

Idy 1 . V /aj . ^ 

therefore c = 0 ; and hence 

y ^ ^ 

- = cosh 
a a 

the equation of the catenary. 

Ex. 3. Determine the curve in which the subtangent is n times the 
subnormal. 


Ex. 4. Determine the curve in which the length of the arc measured 
from a fixed point A to any point P is proportional to the square root of 
the abscissa of P. 

Ex. 5. Eind the curve in which the polar subnormal is proportional to 
the sine of the vectorial angle. 

Ex. 6. Find the curve in which the polar subtangent is proportional to 
the length of the radius vector. 


* See McMahon, Hyperbolic Functions (Merriman and Woodward, 
Higher Mathematics, Chap. IV.), Arts. 14, 15, 26, 39; Edwards, Integral 
Calculus for Beginners, Arts 28-44. 



TEAJFGTOBIES. 


55 


oblems relating to trajectories. An important groiq> 
aical problems is that which deals with trajectories. 
07/ of a family of curves is a line that cuts all the 
of the family according to a given law ; for example, 
rhicli cuts all the curves of the family at points equi- 
om the a'-axis, the distance being measured along the 
the family. Another example of a trajectory is the 
cuts the curves of the family at a constant angle, 
s angle is a right angle, the trajectories are called 
d trajectories; when it is other than a right angle, 
tories are said to be oblique. Only these two classes 
ories will here be discussed. 


ijectories, rectangular co-ordinates. Suppose that 

f(x, ?/, a) = 0 (1) 

nation of the given system of curves, a being the 
parameter ; and that oc is the angle at which the tra- 
are to cut the given curves. The elimination of a 
^ives an equation of the form 

5) (-) 


3ntial equation of the family of curves, 
rough any point (x, y) there pass a curve of the given 
id one of the trajectories, cutting each other at an 
If m is the slope of the tangent to the trajectory at 
, then 




4. 

-f — tan a 
dx 


1 I 

1 ot 




dif 

nition m is for the trajectory ; hence the differ- 
latioii of the system of trajectories is obtained by 
ig this value of m for in (2) ; this gives 


DIFFERENTIAL EQUATIONS, 


[Ch. V. 






™ — tan a 
dx 


1 -H ~ tan a 

(iX 


= 0 , 


( 4 ) 


ferential equation of the system of trajectories ; and 
in of this is the integral equation. 

, right angle, 


the differential equation of the system of orthor/onal 

s is obtained by substituting — — for ^ in (2) ; this 

c?y dx 




( 5 ) 


lion will give the equation in the ordinary form. 


logonal trajectories, polar co-ordinates. Suppose that 

f(r,0,c)^0 ( 1 ) 

r equation of the given curve, and that 



jsponding differential equation, obtained by eliminat- 
itrary constant c. The tangent of the angle between 
vector and the tangent to a curve of the given sys- 
d$ 

point (r, 6) is r~. If m is the tangent of the angle 

lis radius vector and the tangent to the trajectory 
at point. 


angents of the curve and its trajectory are at right 
ach other. Hence the differential equation of the 
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t.rajt'ciory in ()l)ia.iu(Ml by substitiiiinf? — 

c’omoB to tlu* 8JUiH‘. tiling, - r — for 

dr dd 


for r 


1 dr 
r (W 

in (2); 


(le 


dr 

tlUB 




(<‘5) 


fTerontial ociuation of t.lu^ rccjuinul sysUnn of trajo(H.o- 


xamples. 

Fin<i t!i(‘ (Hiuatiou of (.lie curve which cuIh at a (‘oiiHiant angh^ 
igout Ih all the .civclcH touching a givcui straight line at a 
It. 

he given point for the origin, the given line for the |/-axi8, and 
ndicular to it at the point for the /-axis, 'nit's givtui system of 
m consist of tlu^ tdrcles whieh pasn through the origin and have 
res ou the x-axis ; ite etpiation is 

4* 3!'-* - 2 r; 0, (1) 

he variable parameter. elimination of a gives the differem- 
ion of the system of cireh's ; namtdy, 

dl/ ^ f , 

(if. 3*/; * 

Rfarentlal etiuatlon of tlu^ systtun of trajee.tories is obtained by 
ig for hi et plat ion (2) the expression 

dt/ m 
dr ^ n , 

. in <iif ’ 
n (if 

IvcH tmwiuction 

(n/^ ' n»d -l *2mfif)df j {mid m/-* 4 2n9ry)d|/~0. (hi 

^.^gratloii of this honmgcniMms equation gives 

3*^ -I 2r(mg ‘-f- Hf), (4) 

:m constant of integration ; this represents another iyatem of 

jeetory ii orthogonal I! n 0 ; etpmtlon (4) then btcomei 
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which represents the orthogonal system of circles; these circles pass 
through the origin and have their centres on the y-axis. 

Ex. 2. Find the orthogonal trajectories of the system of curves 
r"sin = a”. 

Differentiation eliminates the parameter a, and gives 

— + r cot nd = 0, 
dd 

the differential equation of the system. 

The differential equation of the system of trajectories is obtained by 

substituting — for — ; this gives 
dr dd 

_ r-— -f- r cot 71^ = 0 ; 
dr 

separating the variables, integrating, and simplifying, 
r" cos nd = c, 

c being an arbitrary constant; this is the equation of the system of 
orthogonal curves. 

Ex. 3. Find the orthogonal trajectories of a series of parabolas whose 
equation is = 4 ax. 

Ex. A Find the orthogonal trajectories of the series of hypocycloids 
4- = a^. 

Ex. 5. Find the equation of the system of orthogonal trajectories of a 

series of confocal and coaxial parabolas r = — 

1 + cos ^ 

Ex. 6. Find the orthogonal trajectories of the series of curves, 
r = a + sin 5 6. 

Ex. 7. Given the set of lines y = cx, c being arbitrary, find all the 
curves that cut these lines at a constant angle d. 

48. Mechanical and physical problems. The student should, 
read in some text-book on mechanics the articles in which the 
elementary principles and formulae relating to force and motion 
are enunciated and deduced. The truth of the following defi- 
nitions and formulae will be apparent to one who understands 
the first principles of the calculus and the principles of me- 
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cliauics as set forth in elementary works that do not employ 
-(3}3.e calculus. 

If s denotes the length of the path described by a particle 
moving in a straight line for any period of time ; 
t, the time of motion, nsnally estimated in seconds ; and 
V, the velocity of the moving particle at any particular 
point or instant j then will 
ds 

dv 

— = the acceleration of the moving particle at any point 
ctt 

of its path. 


Ex. 1. A body falls from rest; assuming that the resistance of the 
SbiT is proportional to the square of the velocity, find 
(a) its velocity at any instant ; 

(&) the distance through which it has fallen. 

In this case the equation for the acceleration is 

^ ^ or, putting — for k, 

dt g 

g~ = g^ — nV, 
dt 

wlience = dt. 

g2. _ ,^ 2^2 

7}/0 TIU 

Integrating, tanh-i~ = + c ; whence, = tanh(%^ + c). 

Hixt c = 0, since v = 0 when i = 0. 

Therefore -u = — = ^ tanhnt ; 

dt n 

wlrence, on integration, 

s -f- c = ~ log cosh nt. 

DBut s = 0wheni = 0, c = 0; 

th.eref ore s = -— log cosh nt. 
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Ex. 2. Find the distance passed over in time t hy a partieie wiiose 
acceleration is constant, determining tln^ constants ot intt'c, ration st) tliat 
at the time t = 0^vo is the velocity and the <listanee of tlu'. particU‘ from 
the point from which distance is meaHunnl. 

Ex. 3. The velocity possessed by a body afttn* falling vtnihraliy from 
rest through a distance .s' is found to be V2</.s. Kind t.lu* ludght through 
which it has fallen in terms of the timi‘. 


EXAMPLES ON CHAPTER V, 


1 . Determine the curve in which the length of th(‘ subnormal is pro- 
portional to the Biiuare of tlu‘ ordinate. 

2. Determine the curve in which the. part of tlu‘ tangent intens'pttsl 
by the axes is a constant a. [Hint : Kind the singular solution. J 

3. Determine the curve in which the length of tin* subimnnal is pro- 
portional to the square of the abscissa. 

4. Find the equation of the curve for which a dilTereutial of the art* is 
K times the differential of the angh* made hy its tangent with the /-axlH, 
multiplied by the cosiiu^ of this angle; and determine the constant of inte- 
gration so that the curve UuiclicH the x-axis at the point from which tin* 
arc is measured. 

6. Find the equation of the curve when^ thi^ h*ngt.h of the perpemlleu- 
lar from the pole upon the tangent is constant and t*qtuil to ^ 

6. Find the equation of the .syst(*m of eiirv(\s that make an angle whose 
tangent is — with the series of paralh*! Hues x cos a | //sin a /g p lH*lng 
the variable parameter. 


7. Find tbe orthogonal trajeotori(*s of tin* systi'in of paraholas p u/K 


8 . Find the orthogonal trajectories of the system of eirclcH ttmehlng 
a given straight line at a given point. 


9. Find the orthogonal tnij(‘ct(>rie8 of 
arbitrary. 




I, where X Is 


10. Find the orthogonal traji'ctories of the Heri(*8 of hyperbolas xp hK 

11. Determine the orthogonal trajechu’les of the system t»f eurvcH 
r^ = a'^G0Bn6; therefrom Hud the tirUmgmial trajectorleH u! thtf series 
of lemniscata a- cos 2 B. 

iX 12* Find the orthogonal trajectories of (r\^ 'j cos B a, a Inking the 
parameter. ^ ^ ^ 
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13. Kinti tlu' orfh«»g<mal (rajrrtori^'H «»t' iht* HtTicsof lof^aiitlunic Hpirain 
r rr- vvlit'i’f a vnrirH. 

14. Dtitcrniiin* tlu' tnirvt' wlmst* tan«<<-iit cuIh nff from Uk* {’(Mjrdinata 
iixeH iniortu'pt.s whom' ntuu in fouHtunl. 

15 . 'rh<' pcrju'iitHiMilurM from fh»' ortgiti upoji Ihr taijgcmtM of a ourva 
are conHMiut. IniKth tt. Kiiul tho oipuitiim t>f Uu* fiirvi', 

10. Kind tho mjuution of th«* ourvo iu whhdi thr porpoudirular from (.ho 
origin ni>on (lit' tanK^nt ia iMjnal (o tin* iihM’lsMi of tlu* point of rouiaot. 

%*t. Kind Iho oqtiution of a otirvo onoh that lUr priqtM’titm of itn onh-« 
uatc uinm tho normal in nputl to (ho ahm’i.sMji. 

18. Kind tUo o<iuati«»(i ttf (ho onrvo in whh’lq If any ptunt /Mm taken, 
th(^ p(»rpim<ileular let fall from tin' huM of itn (»rdinnto ttpon itn radiuH 
va< 5 tnr Hhall rut Un* y axia whore the latter in <*nt by the tangent to the 
curve at /*. 

19 . Fhid tin' eurvi* In whioh the niiglo la*! ween the mtliUH vector and 
the t^uigent in a timoa the veetorlii! angle. Wlmt In thn curve when 
n = I ? Whtm n ’’ 

20. I determine the eurvt» In widely th*' normal makea equal auglen with 
the radlUH ve**tor and the inifial line. 

Kind chi* eiirv** the length of whoae are nieaHured frotoi a given 
point In a mean proportional between tlie ordinate atal iwiet* the idmelKaa, 

29* Kind tie* equation »d the curve In wideh the pi*rpendienhir frotn 
tho bade upon the tangiml at any point (h k tlme*4 the radluH veetor of (he 
point, 

p'i fi'h I * r'^ I ( V* ^ )’ eqtunlon of tin* enrve* r btdng 

the radlua veetor of any point tif the eurve, uml p (he perpendleular from 
the puli' upon the tangent at that I'Hdnt. 

34. Kiiul ill*' orthogonal trah*et*»rleH of tlu* nirdioldfi f oil eitHfi). 

25* HIuhv thuMhe?ty?^teint4eonfoi*id amleoaxial paraholiwy'h | n) 

is »€ilf“orthugoniil, 

20. HluiW thiit II aystem *4 eotifoeal eonb’ii in Helf'outhogsiniih 

2t, Find the curve uueh lliiil the reelnngle iiiith*r the per|>eiifiieulfiw 
from two flxinl pi4nt.#i mi the ni»rnmb% he eofihfant. 

28. Find the eurve in whlrlt the produet of titr |ierpendlrukrf4 ilrawn 
from two i«al poli}l4 in any tangent eiin»ii,iiiii.. 
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)duct of two ordinates drawn from two fixed points on the 
angent of a curve is constant and equal to k^. Find the 
curve. 

Liie the curve in which the area enclosed between the tan- 
>-ordinate axes is equal to 

curve such that the area included between a tangent, the 
perpendiculars upon the tangent from two fixed points on 
nstant and equal to /c-. 

■ahola 2 /^ = 4 ax rolls upon a straight line. Determine the 
^ the focus. 

:ne the curve in which s = ax‘^. 


ation of electromotive forces for an electric circuit contain- 
ed self-induction is 

dt 

electromotive force given to the circuit, B the resistance, 
cient of induction. Find the current i : (a) when E — f(t) ; 
0 ; (c) when jE' = a constant ; (d) when E is a simple 
tion of the time, ^j^sincui, where Em is the maximum 
npressed electromotive force, and w is 2 7r times the fre- 
nation ; (e) when E = Ei sin ut -F E 2 , sin (fitat -}- 6). 
ation of electromotive forces in terms of the current i, for 
ait having a resistance JR, and having in series with that 
idenser of capacity (7, is .27 = Bi F which reduces on 
;o the form ^ 

^ 4 . ~JL^ 

dt BC~B dt' 


ctromotive force. Find the current i : (a) when E ■=f(t ) ; 
0 ; (c) when jF = a constant ; (cZ) when E = Em sin wt. 
lat the equation of electromotive forces in the circuit of 
e, in terms of the charge g, is 


dt 


Q 

' O’ 


sn E -f(Jb ) ; (6) when E = 0] (c) when 1 = a constant ; 
Em. sin (at. 

eleration of a moving particle being proportional to the 
)city and negative, find the distance passed over in time 
}ity being t?o, and the distance being measured from the 
Darticle at the time i = 0. 
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CHAPTER VI. 


LINEAR EQUATIONS WITH CONSTANT 
COEFFICIENTS. 


49. Linear equations defined. The complementary function, the 
particular integral, the complete integral. Equations of an order 
Kig-tier than the first have now to be considered. This chapter 
and the next will deal with a single class of these equations; 
namely, linear differential equations. In these, the dependent 
variable and its derivatives appear only in the first degree and 
are not multiplied together, their coefficients all being con- 
stants or functions of x. -The general form of the equation is 


dry p 
dar'^ 




+ P^=x, 


( 1 ) 


wlxere X and the coefficients Pi, Po, Pn, are ^on^tots or 

frLiictions of x." If the derivative of hidiest order, has a 

' 


coefficient other than unity, the members of the equation can 
Ibe d-ivided by this coefficient, and then the equation will be in 
■blie form (1). The linear equation of the first order has been 
tii'ea^ted in Art. 20. 

It; -will first be shown that the complete solution of (1) con- 
ta-iiis, as part of itself, the complete solution of 


cZ”?/ d!”-b/ 


+ •** “h = 0. 


• (2) 


If y = yi be an integral of (2), then, as will be seen on 
snlnstitution in (2), y — Ciyi, Cj being an arbitrary constant, is 
also an integral; similarly if ^ = ?/ 2 , = •••, y = yn^ be inte- 

g-ra.ls of (2), then y = •••? y—c^n, where Cg, •••, c,, are arbi- 



64 


DIFFEBENTIAL EQUATIONS. 


[Ch. VI 


trary constants, are all integrals. Moreover, substitution will 
show that 

y = Oiih + 02^2-1 h GO 

is an integral. If 2 / 1 , ^ 2 ? •••; Z/n? Ih^early independent,* (3) is 
the complete integral of (2), since it contains 71 arbitrary con- 
stants and (2) is of order 71. 

If y = be a solution of (1), then 

y= Y+n, (4) 

where r= Ci?/i + Cji/a 4 h c^„, 

is also a solution of (1) ; for the substitution of Y for y in the 
first member of (1) gives zero, and that of u for ?/, by hypothesis, 
gives X. As the solution (4) contains 7i arbitrary constants, 
it is the complete solution of equation (1). The part Y is 
called the comple^nentary fwiction ; and the part is called the 
paiticidar integi'al.’f The general or complete solution is the 
sum of the complementary function and the particular integral. 


50. The linear equation with constant coeificients and second 
member zero. The equation 


d^y (F^~^y 
da?” 


+ **•“}" ^nV = 0 , 


( 1 ) 


where the coefficients Pj, Pg, •••, P^, are constants, will first be 
treated, t 

On the substitution of e‘^^ for y, the first member of this 

equation becomes (m” + Pim”"^ H f- P«)e”**j and this will be 

equal to zero if 

-f P^m”-’ + . . . 4- p^ = 0. (2) 


* See Note P for the criterion of the linear independence of the inte- 
grals yi, ya, — , yn. 

t This use of the term 'particular integral is to be distinguished from 
that indicated in Art. 4. 

f The method of solving the linear differential equation with constant 
coefficients, shown in this article, is due to Leonhard Euler (1707-1783), 
one of the most distinguished mathematicians of the eighteenth century. 
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This may be called the auxiliary equation. Therefore, if m 
have a value, say wii, that satisfies (2), y = e“» is an integral 
of (1) ; and if the n roots of (2) be m„, the complete 

solution of (1) is 

y = cie”“* + Cve"-”* -{ 1- (3) 

Ex. 1. Solve 1^4-3 54 2 / = 0. 

dx^ dx ^ 

Here equation (2) is -f 3 m — 54 = 0 ; 
solving for m=6, — 9. 

Hence the general solution of the equation is ^ = cie«» + C 2 e~®*. 

Ex. 2. If — — = 0, show that 

dod^ 

y = 016 ”""= + = A cosh mx + B sinh mxJ^ 

Ex. 3. Solve 2— +5 — - 12a; = 0. 

dt^ dt 

Ex. 4. Solve 9^+ 18^- 16a: = 0. 

dz'^ dz 

51. Case of the auxiliary equation having equal roots. When 
two roots of (2) Art. 50 are equal, say rui and uu, solution (3) 
becomes 

y = (Ci + 6’”!* -f H 

But, since Ci + is equivalent to only a single constant, this 
solution will have (n — 1) arbitrary constants ; and hence is 
not the general solution. In order to obtain the complete 
solution in this case, suppose that 

m2 = mi + ; 

the terms of the solution corresponding to mi, m^, will then be 

y = 

which can be written y = (ci + 


* See McMahon, Hyperbolic Fxinctions (Merriman and Woodward, 
Higher Mathematics, Chap. IV.), Arts. 14 (Prob. 30), 17, 39. 
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On expanding e''* by the <‘xponeiitial S(a-i(‘s, this bfcoines 
y = [ci + eo ( 1 -f hs + y ‘ I • • • ) J 


= [(‘i + (*o -p 4' ♦ .1 h 


/Kr 

I .1^ 


//in 


■11 


rJir 


: 4- //x 4- ' 4- terms prcnaHsling in 

ascending powers of //), 
where A = ch 4- and B rJi. 

Nowlet //- approach 0, and solution («>) Art. A6 tak<'s the fiU’in 
y = (A + /i.r) + 4. ... + 

As h approaches zero, Ci and Co can be taken in sueh a way 
that A and B will be iinit(‘. 

If the auxiliary equation have, threes roots <Hpial to by 
similar reasoning it can b(‘. shown that tln^ (*orn‘sponding ho 1 u“ 

y _ ^ q. <. yU) . 

and, if it have r equal roots, that the. c.orr(‘H|H)uding solution is 

y ^ ^ q p 

The form of the solution in tln^ case of rep(‘at(Ml roots of the 
auxiliary equation is (hHlmu'd in anotluu* way in Art. 00. 

Ex. X. Solve -f| - 3 + 4 ;i 0. 

dx^ dxA 

Ex. 2. Solve'IVf^ of'-n"/- 4 , 0. 

dx^ dx*^ dxA <lr 


52. Case of the auxiliary equation having imaginary root*. 
When equation (2) Art. 50 has a pair of hmajinun/ muia^ 
say mi = oc 4- //?, wq = (ji — (1 being tised to dentate I), 
the corresponding part of th(^ solution <‘an be put in a reiil 
form simpler, and hen(*-e more useful, than the t^xpiuientiiil form 
of Art. 50. 


^ See George Boole, DiffereMUil Fquatiom^ C'hitp. IX., Art. 1 , TIte 
separate integrals, are atiak»g<Hi» to the iHjual itait* 

of an algebraic ecpiation. 
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For, ^ -f- 

= \ Cl (cos fix + i sin fix) + Co (cos fix — i sin fix ) } 

= e®® (A cos fix -\- B sin fix) 

= (cosli ax -f- sinh ax) (A cos fix B sin fix). 

If a pair of imaginary roots occurs twice, tlie corresponding 
solution is y = (ci + Cox) -f- (cg -f- c^x) 

which, reduces to y = {A + A^x) cos fix B^x) sin fix\. 

EX. 1. solveg+8|+25, = 0. 

The auxiliary equation is + 8 -1- 25 = 0, the roots of which are 

771 = — 4 i 3 i ; and the solution is y = cos 3 x -f C 2 Sin 3 x). 


Ex. 2. If 


d^y 

c?x^ 


mhj = 0 , show that 


2 / = Cl cos mx + C 2 sin mx + Cs cosh mx + C 4 sinh mx. 

. Ex.,8. Solve ^-4f| + 8f|-8^+4,/ = 0. 

, / : • ^ , dx* dx* dx 2 dx ' 

53. The symbol Z). By us.ng the symbol I) for the differ- 
ential operator — , eq nation (1) Art. 50 can be written * 
dx 


(i>” + = (1) 

or, briefly, /(Z>) y 0. (2) 

The symbolic coefficient of y in (1) is the same function of 
D that the first member of equation (2) Art. 50 is of m ; and, 
therefore, the roots of the latter equation being mg, 
eqiiation (1) may be written 

(Z> - mi) (Z> — .. . (JT) — . fjfn ^ y = 0. (3) 

Hence the integral of (1) can be found by putting its sym- 
bolic coefficient equal to zero, and solving for D as if it were 
an ordinary algebraic quantity, without any regard to its use 
as an operator ; and then proceeding as in Art. 50 after the 
roots of equation (2) of that article had been found. More- 
over, it is thus apparent that the complete solution of (1) or 
(3) is made up of the solutions of 


^ See note K, page 208, for remarks on the symbol D. 
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(D — mi) y = 0, (Z> — m^) y = 0, •• •, (Z> — m„) ?/ = 0. 

This symbol D will be of great service. 

54. Theorem concerning D. One of the theorems relating to 
D is, that when the coefficient of y in (1) Art. 53 is factored as 
if D were an ordinary algebraic quantity, then the original dif- 
ferential equation will be obtained when D is given its opera- 
tive character, no matter in what order the factors are taken. 
Thus, an equation of the second order 

g-(. + ffl|+«/3» = 0, 

when expressed in the symbolic form, is 


this on factoring becomes (D — a) (Z> — ^)2/ = 0. 
Eeplacing I) by the latter equation becomes 




'A. 


■^jV- 


=0. 


Operating on y with this becomes 

clx 





and, operating on the second factor with the first, 




If the factors had been written in the reverse order, 
(D — I3)(D — a) y = 0, and expanded as above, the same result 
would have been obtained. It is easily shown that the theo- 
rem holds for an equation of the third and any higher order. 
It will be noted that the symbolic factors, when used as opera- 
tors, are taken in order from right to left. Other theorems 
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relating to D will be proven when a reference to them happens 
to be required.* 

55. Another way of finding the solution when the auxiliary 
equation has repeated roots. The form of the solution when 
the auxiliary equation (2) Art. 50 has repeated roots can be 
found in another way; namely, by employing the symbol D. 
According to Art. 53, the solutions corresponding to the two 
equal roots mi of this equation are the solutions of 

(i)--m0^y = 0. 

On writing this in the form (D — = ^ and 

putting V for (i) — mi) y, the above equation becomes 

(Z) -^mi) V = 0, 

the solution of which is 'y = Cie”*i*. Replacing v by its value 
(D- mi)y, 

(D — mi)y = Cie"*^*, 

which is the linear equation of the first order considered in 
Art. 20 ; its solution is y = (Cg + CiO;). 

Similarly the solutions corresponding to three equal roots mi 
are the solutions of 

(D-~mi)«y = 0, 
which may be written 

(D — mi) (jD — mj)^ ^ = 0. 

On putting v for (jD — mi)^y, solving for v, and replacing the 
value of V as before there is obtained 

(D — mi)^y = Cie^^^*. 

Putting 0 ) for (D — mi)y and proceeding as before, 

(D — mi) y = {cix + 

^ See Forsyth, Differential Equations, Arts. 31-35, for fuller informa- 
tion concerning the properties of D. 
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the solution of which is 

y = + c.,), where c. = [K 


It is obvious that if mi is repeated r times, the correspond- 
ing integrals are 

y = + Cur -f- ... 4- '). 


56. The linear equation with constant coefficients and second 
member a function of a;. In this article will be. cunsitlered the 
equation 


ilr hf 


-h a; 


(0 


the first member of whicli is the same as that of (upiation (1) 
Art. 50, and the second member a function of x. It was 
pointed out in Art. 49 that the c,ompl(d.e integral of (1) con- 
vsists of two parts, — a complementary function and a particular 
integral, the complementary fun(‘.tion being the complete Bobi- 
tion of the equation formed by putting the first member of (1) 
equal to zero. The problem now is to d(‘vise a method for 
obtaining the particndar integral. 

In the symbolic notation, (1) becoiiies 


/(/>)?/ - X 

and the particndar integral is writtcm y 

1 


( 2 ) 


1 


JV>) 

It is m^cessary to define 


57. The symbolic function 

1 . 

-——AT, which, as yet, is a mere symbol without meaning. 

. . 1 

hor this purpose it may be said : function of x 

which, when operated upon by /(£>), gives X, The operator 
according to this definition, is the inverse of the 
operator /(/)). It can be shown from this definition and 
Art. 54, that -tttt can be broken up into factors which may 
be taken m any order, or into partial f rac^tions. 
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For oxaui]>lo, t.lui )>arl.icnla.r iutoffrul of ilie (aiuatiou 

— J Y- 

and this can bo put in tho form 

. X. 

(I) ~a){I}~/i) 

Now apjily (l> - <t)(l> - fi) to this, arnuigin(j: tlio factors of 
tho latter operator conveniently, as is allowable by Art. f)-l ; 
this gives , 

and since J) — a, luding upon * - • * - - A', nnist by <le.nni- 

1) — It I> — /i 

tion give — A', this becomes /> - /J . A', which is 

fj j J) jji 

X by the definition of Thin rednation hIiowh that the 

particular integral iniglit (‘rpially w(dl have been written 


( 7 > — a) 

Also, may be written in the form 

^ f. J. I ^ Y 

which is obtained by resolving tlH‘ ojxu’ator into partial 
fractioBH. The result of opiniiting upon this with 
n^^(a + ft) D+afi iH 

I (C - ,, e J.v - (C - ,.)(»-« .£_.v I , 




and finally, X. 
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The statement immediately preceding this example can easily 
be verified for the general case by a method similar to that 
used in this particular instance. 


58. Methods of finding the particular integral. It is thus 
apparent that the particular integral of equation (2) Art. 56, 

namely, — may be obtained'in the two following ways : 

/(-®) 

(a) The operator may be factored ; then the particular 
integral will be ) 

— I 1 —i — X. 

D — mi D — m2 JJ — m^ 


On operating with the first symbolic factor, beginning at the 
right, there is obtained 

— 1 1 1 C Xdx;'* 

D — mi D — m2 D — m^_i J 

then, on operating with the second and remaining factors in 
succession, taking them from right to left, there is finally 
obtained the value of the particular integral, namely. 


(&) The operator 
fractions ) 

Ni , 1^2 


1 


may be decomposed into its partial 




D — mi D — m2 D — m^ 
and then the particular integral will have the form 

4- e~^^^Xdx H h N^e^n^Je-^^n^Xdx. 


Of these two methods, the latter is generally to be preferred. 
Since the methods (a) and (6) consist altogether of operations 

of the kind effected by — — upon X, the result of the latter 

JL/ CL 

operation should be remembered. Now, X is the par- 

D — a 

ticular integral of the linear equation of the first order, 


* This is made clear in the last paragraph of this article. 



t^nOHT MKT no DU. 


n 


d,f 

(lx. 


- an = X, 


)oen disouHHod in A vt. 20 ; it8 value is 
e'^j'e "X(te. 

(Y"" in t.ho solution of this equation is the com pie- 


v (5 , - r> ; . ^ (U/r 
ilX.^ (Lt> 


ion written iu Hymlnilic form is 
5/> f 

(/i -n)(/> 

iplemontary function is y rge’^ ; and the particular 



I) 

2 

V/> 





general 

solution is 



y~ 

4» 


d’^l/ 

- V a 

4’’ f) x» 



2'f I 

dx 

■ y - 2 


d'l/ 

VC , ‘ - 
f4r ^ 

iix'^ 

h'''/ I 

12 1/: 


r. 


‘ 2 2 ' 


methods of finding the particular integrals in certain 
tcnmiH of the pari icmlar integral which correspond 
certain Hiiecial forms that may appear in the see- 
^ of tiu' tH|uati(m, can l>e obtained by methods that 
,orter than the general methods shown in tiie last 
m special forms occnirring in the second member 
m discnisHed here are : 
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(a) where a is any constant ; 

(&) a;” where m is a positive integer ; 

(c) sin ax, cos ax ; 

(d) 6 “® F, where F is any function of x ; 

(e) xF, where F is any function of x. 


60. Integral corresponding to a term of form in the second 
member. The integral corresponding to c®® in the second 

member of the equation f(P) ?/ = X, is e®® j this will be 

shown to be equal to — — e®* 

/(a) 

Successive differentiation gives = a“e®® ; the terms 

appearing in /(D) are terms of the form D”, n being an integer ; 
therefore /(D) 6 “ =/(a) 6 “ 


Operating on both members with 


f{D) 


AD)’ 


and this, since f(P) inverse operators and f{a) 

is only an algebraic multiplier, reduces to 


whence 


^ C** z= ^ gO* 

/(^) m. 


The method fails if a is a root of /(D) = 0, for then 

— i- e** = 00 6 “ 

AD) 

In this case, the procedure is as follows. 

Since a is a root of /(D) = 0, (D - a) is a factor of /(D) 
Suppose that /(D) = (D - a) 9 (D) ; then 

- ^ 6 ®* = ^ ^ qox __ I I - a » 

f(D) {D — a) (D) (D — a) 0 (a) (a) 
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If a is a double root of f{D) = 0, tben D -- a enters twice as 
a factor into f{D). Suppose that f(J)) = (D — a)- ij/ (D) ; then 


aj'e® 


f{D) (D - af xl;{D) (D - ay ^{a) 2 (a) 

The method of procedure is obvious for the case when a is 
a root of / (D) = 0, r times. 

Ex. 1. Solve ^ + 2/ = 3 5 

Written in symbolic form, this equation becomes 
(2)3 + 1)2/ = 3 + C-® -f 5 

Here the roots of f{D) = 0 are — 1, ^ ; hence the complementary 

function is 

ce“* + e-^ci cos - ^ + C2 sin • 

The particular integral is 

— i — (3 e0-» + €”* + 5 e2*) ; 
i)3 + 1 ^ ^ 

substitution of 0 and 2 for i), on account of the first and third terms, gives 
3 + |g2x. But —1 is a root of + 1, hence, factoring the denominator, 


1 .-X 1 

e * = 


2 ) 3+1 


2) 4- 1 2)2 - 2) + 1 


e-» = 


g-X 


D + l ‘ 3 ’ 


on substituting — 1 for 2) in the second factor ; the last expression is 


equal to ; hence the complete solution is 

o 




y = + e-f Cl h Co sin 

Ji 




+ 3 + ^e2* + i 


Ex. 2. Find the particular integrals of Exs. 1, 3, Art. 58, by the short 
method. 

Ex. 3. Solve g-y=(e* + 1)2. 

Ex. 4 . Solve g-2|+, = 3eh 

61. Integral corresponding to a term of form a?” in the second 
member, m being a positive integer. When ~ x”* is to be 
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evaluated, raise /(D) to tlie (~ l)tli power, arranging the 
terms in ascending powers of D; with the several terms of 
the expression thus obtained, operate on ; the result will be 
the particular integral' corresponding to x^. It is obvious that 
terms of the expansion beyond the mth power of D need not 
be written, since the result of their operation on x^ would be 
zero. 


Ex. 1. Solve (i>3 + 3 /)2 4 . 2 D)y = 

The roots of /(D) are 0, ~ 2, — 1 ; and hence the complementary 
function is Ci 4- 4- C36”®. 

The particular integral 

= _3a: + |) = ^(2*2 - 9a: + 21), 


i X being merely \ x dx. 

Jj J 

The complete solution is 2/ = Ci + C2€“2» 4. cse”* 4-~ (2x2 — 9a;4-2l). 

12 

The operator on x2 could equally well have been put in the form 


1 

2 




and this gives the result already obtained. One might think that it would 
be necessary to add another term, JD 2 , in this form of the operator ; but 
the result for this term would be a numerical constant; and this is already 
included in the complementary function. 


Ex. 2. Solve Ex. 2, Art. 68, by this method. 
Ex. 3. Solve ^ 4 - 82 / = 4-2x4-!. 


62. Integral corresponding to a term of form sin ax or cosax 
in the second member. Successive differentiation of sin ax gives 

D sin ax = a cos ax, 
sin ox = — sin ax, 
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sin ax = — cos ax, 

sin ax = -\-a‘^ sin aa; = (— a^y sinaa;, 

andj in general, (L^y sin ax =(— a?Y sin ax, 

Tlierefore, if <i> (jD-) be a rational integral function of JD^, 
{D-) sin ax = (f>(— a^) sin ax. 

From the latter equation and the definition in Art. 57, it 
follows, since <f>{— a?) is merely an algebraic multiplier, that 

1 . 1 . 

— — sin ax = — sin ax. 

Similarly, it can be shown that 


and, more generally, that 

^ sin (ao, + «)= sin (««; + «), 

■ A, cos {ax + «) = - ^ ^ cos (ax + a). 

Ex. 1. Solve g + g-|-j, = cos2a:; 

that is, (Z>3 + — D — V)y — cos 2 x. 

The complementary function is cie* + e-^(e 2 + Czx); and the particular 


= _lsin2a:-5^; 

25 25 ' 

hence the complete solution is 

y = ci€® -h e-^ (C 2 + csa?) - sin 2 a; - 

25 25 

The number, — 4, might have been substituted for at any step in 
the work. 
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Ex. 2. Solve -r-' + CL^y = cosaa:. 
dx- 

The complementary function is Ci cos ax + sin (tx ; tiie partit'ular 
integral is cos use = — — cosux; and thus tho nudhod fails. 

J)2 _}. (f2 _ ^2 4 . fil 

In this case, change u to a + h; this gives for the value of the |)articular 
integral, — — ^cos(u + /0^J expression, on the application of the 

principle above and the expansion of tho operand by Taylor’s scric's, 

1 h 

becomes ; (cos ax — sin ax • hx — i‘.os ax • ; - 4 

~(u + 1 • ii • 

The first term is already contained in the coniplenuuitary fumdion, 
and hence need not be regarded here ; tlio particular inu^gral will at'cord- 
ingly be written 

1 . 


^ a Ih 


(x sin ax + 


1 . 2 . 


cosua; -f- terms with higluT powers of /; ); 


on making h approach zero, this reduces to 

2u 

y Hill (tJt 

The complete integral is y = Ci cob ax 4- Ca sin ax 4 - ***..i.. 

2 a 


4 y = 2 sin J x. 


Ex. 8. Solve - 

dx^ 

Ex. 4 . Solve 4 ?/ = sin 3 5c — cos*-^ J x. 
dx^ 


63. Integral corresponding to a term of form in the 
second member, V being any function of x. 

Since V == V 4- V = 4- (i) F ; 

and i>V"F== ae^^(D + a) V-\- (f ^D (I) 4 - u) V-= + nf V; 

and, in general, as is apparent from BuccesBive differentiation, 


D>^e^^V=(i^(D + aYV; 

therefore, f{D)e^ V = + a) V, { 1 ) 

Now put /(D + a)F= F,; thun F= ,, , ’ ^ F,. AIho, F, 

f{I> + a) 

will be any function of x, since F is any function of *. Hub- 
stitution of this value of Fin (1) gives 


/(£»)e“ 


1 

f(fi + a) 


F, = e“F.i 
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whence, operating on both members of this equation with 


.m 


and transposing. 


1 e“ri = e'“- ^ 


/(-D) 


/(!> + «) 


V„ 


where Fi, as has been observed, is any function of x. 

Ex. 1. Solve ^ + l/ = cce^. 

The complete solution is 

y = Cl cos 35 + C 2 sinic + — 

By the formula just obtained, 


— - — xe^ = a 

D2 + 1 (Z) 4. 2)2 + 1 


— />2x_ 




5 + 4Z» + -Z>" 

and this, by the method of Art. 01, gives the integral ~(5x — 4). 
The complete solution is 

2 / = Cl 008 35 -+• C 2 sin 35 -f— (bar. — 4). 

20 

Ex. 2. Solve 3^+ 2?/ = e2»sina5. 

dx^ dx ^ 

Ex. 3. Solve 1“ + 2 y = a 52 e 3 x _j_ g* ^os 2 x. 


64. Integral corresponding to a term of the form xV in the 
second member, V being any function of x. Suppose that a term 
of the form xV occurs in f(D)y = X, 

Differentiation shows that 

DxV ^xDV+ r, 

iyxv=:xrr^v^2Dv, 

D^x V = xD^ V + 7hD^~^ Vy 
or, as it may be written, = 

Therefore, f(D)xV= xf(D) V + f(D) K (1) 
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The formula in the case of 1 
derived in the following way. 

In formula (1) put f{D)V= F, 


V is any function of x, Fi is any 
tion of this value of V in (1) give 


f{D)x 


1 

/P) 


v^ = xr^ 


On operating on both members 
and transposing, 


1 

/(i>) 


xVi = X 


1 

f(i>) 




The particular integral corresp 
form x'‘Vy where r is a positive 
successive applications of this me 
tion should not be introduced in 
ticular integrals. 


Ex. 1. Find the particular integral ( 


The particular integral = 


1 

i)2+ 1 




3 


EXAMPLES. 






-f- 4 ?/ =: sin H- x^. 


13. y - 2 4- y = 

dx 


a^y ^ 
<lx^ 


- (ly 
'\lx 


■ 57 ; 4 - 0 ?/ - X + 


14. 4" '«‘'^)2/ = 


(ir- - 4* 


16. 'fl'- rt^y = a-.«. 








(H n 

r= ^>>‘ COB X. 








■2-"<S+-'=-“'' 


COB mx. 


19. 


ify 


d^ 


-(iy = e^C 

dx 


20 . 'f'{-‘/f +4y = e‘cc 

dx^ dx 




■ e”"^. 


22 . (/)' - 2 /;» -- :i 1 4 /) + *)y -■ *’«"• 


28 . '^y _ ;}'f^ + s''" - 2 ^ r= a:<!-' + «*• 

(Ixi^ 


rf“, 2 /. 

(ix'^ 


24 . “ -''; - J/ = X Hiu X + (4 4- »'.“)«•'• 


26. ( />“ - 4 £> + 3)2/ =■ COB ‘4 x 4- coa 3 x. 
26. (Z>» -" 3 IP 4- 4 /> - 3)2/ = (i* 4 cos x. 
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LINEAR EQUATIONS WITi 
COEFFICIENTS 


65 . The homogeneous linear equation. ] 
This chapter will treat of linear eqi 
coef&cients are functions of x. Por th 
it will discuss only a very special cla 
namely, the homogeneous linear equatio; 

A homogeneous linear equation is an ( 






+ .Pn~l^ 


where pi, po, •••, jp„, are constants, and . 

This equation can be transformed i 
constant coefidcients by changing the i: 
to z, the relation, between x and z being 

z = log aj, that is, x = 

If this change be made, then 


ick] HOMoaKNmnfi linkah equations. 


On putt-in}^^ 1) for and clearing of fractions, tlu‘s< 
ms bocoine 


% n 


ar 


(h ? ' ■ 


/)(l)~i)(D -2),,, 


(1, in gem'ral, tho operators only and not the opevaixi 
licated, 

af£^ IJ(lJ-l) ... (i>-r+l). 

Henc.e, tlu^ sulmtitniiou of e* for a; in (1) dianges it i 
on 

>(/>-!) *..(7>--n+l) + l>i/>(I^ -l)*-(i>~n + 

ere Z is the function of z into which X is changed, 
l^](iuati()n (4), having constant coefflcientH, (uin be sol 
i methods of the last cdiapter. If its solution be ^ 
m the Bohition of (1) is i/£^ /(loga^), 

pliAi*Afnrrt Afmaf.inti lift flfilvAfI Iw tiiit.f.itvfr t . a/ 
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On solving this equation by the methods of A 
integral is found to be 

y = e^(ci + C 2 ^) + 20 + 4, 

which, in terms of aj, is 

y = x(ci + C 2 logaj) + 2 logi 

/ Ex. 2. Solve + y = Sx^ 


66. Second method of solution : (A) To f 
function. The solution of 


dx”^ dx^ 


y 




can be found directly, without explicit! 
formation shown in Art. 65. 

The first member of (1) becomes, wh 
for yy 

{m(m~ l)(m— 2) ••• (m — n + l)4-i5iw(7w 

+ ••• +i3 

Therefore, if 

m(m — 1) ••• (m — -f (m — 1 

the substitution of of* for y makes the 
vanish ; and then is a part of the con 
of the solution of (1). Therefore, if th( 


§ 66, 67.] 
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already been seen, an integral of (1) can be obtained 
tuting log X for z in the integral of (4) Art. 65. T] 
(2) has a root mi repeated r times, the correspond! 
of equation (4) Art. 65 being 

y = + C 22 ; -h q h 

the integral of (1) is 

yz=x^\Ci-^Czlogx^ h o^log xy-^. 

Similarly, if (2) have a pair of imaginary roots 
corresponding integral of (4) Art. 65 being 

y = e«-^(oi cos -I- Co sin ^z), 
the integral of (1) is 

y^x^lc-i cos (J3 log x) + C 2 sin (^log x) \ . 

Ex. 1 . Solve 3*2^+ ji:^+y = 0. 

dx^ dx^ dx 

Substitution of for y gives 

(m® + l)x^ = 0 ; 

the roots of this equation are — 1, 
and hence the solution is 

y =^ + !B^|c2Cos^^loga:^ + casin^^log*^ j 

Ex. 2. Find the complementary functions of Exs. 1, 2, Ar 
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Since tke symbol D in (3) Art. 65 


for a;—, this equation may be written 
dx 


daf dx\ dx 



therefore (1), wheu 6 is substituted for 
form 

\ 0(0 — — n+f) 

The coefficient of y here is the sam 
first member of (2) Art. 66 is of m. 

Let this equation be written in the S3 

my = x. 

The method deduced in Art. 66 f( 
mentary function of (3) may on making 
thus indicated: If the n roots of f($) = 
complementary function of (3) is 

CiX^^ 4- CoO;®® 4- ... 4- c, 


the c’s being arbitrary constants. 

The particular integral of (3), after t 
case of /(jD)y = X, in the last chapte] 
the form -^X A method for evalu; 

m 

be devised. 





gOH, (H). J TIIK SYMIiOL (' FUNCTION /(O') 

- a) {6 - fi)!/ ^ (« + {i - ^)x2 

dhi 

anil {6 - a){e - ^ - y)// - ~ - 

4“ {(<‘1^ + /iy 4 y(^ — « * li^y ^ ■ 

aiul this shows, by the Hynuuetry of the eoustaii 
t,ha.t ih(^ onhn* of tlu*. o|Hn‘aiiv(‘, fae-iors is indi 
atuilent e.un eomplete the proof of this theorem e( 
for himself, 

I f - ! - X be (hdiiHul as that finietion of x 

opc^raliul upon hy J\0) will ^ive X, then it can be 
inctdioil followed in Art i^7 in the ease of the s 

tioi* , ^ , that can 1)0 decomposed into fact 

/(^^) ./’W 

connuutative; and also that it can bo broken u 
fraotions. 


69. Methods of finding the particular integral, 
apparent that the partitnilar integral of (3) A 
fotiiid in the following ways: 

(f r.) The operator may l)e expressed in fi 

and — X will then bcH*onie 

/(y) 

.X- 

$ ^ ai 0 0 — 


DIFFERENTIAL EQ 


tlie sum of the results of the operat: 
particular integral. 

Since the methods (a) and (b) are 

the kind effected by — upon X 


operation should be impressed upon 

Now, — - — X is the particular in' 
0 — a 

tion of tl^B first order 


dy 

^ n ic — fc?/ = ^ 

^ dx ^ 

The particular integral of this equ£ 
0 be Qf-^x~°-~^Xdx*^ therefore 

^ ■X = x<^ fx-^ 

0 — a J 


to be X 


Hence the method (a) will give 




as the value of the particular Integra 
method (p) will give 


ViXH^ x~^^~^X dx -|- r~“3 ~ da; - 


as its value. 




§ 70.] TERM OF FORM 


Hence the complementary function is cix'^ A — , and the p 

1 ^ 
integral is — rr-r- 


(d-4)(^+l) 

On using partial fractions, the latter will he written 

1 ( ?—• 01 ^ \ ; this reduces to 

^ which on integration i 


logag ^ 
6 25* 


The complete integral is, therefore, 




~4 

the term — ^ is included in the term Cix* of the complementary i 
25 


Ex. 2. Solve ic2^-f- 5x^^-f- 4y = 


Ex. 3. Solve a:2^ + 2xg-20y=(a: + l)2. 


70. Integral corresponding to a term of form in the 
member. In the case of the homogeneous linear equal 
in that of the equation discussed in the last chapter, ni 
shorter than the general one can be deduced for findi 
particular integrals which correspond to terms of spech 
in the second member. For instance, 




\ 
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If ni is a root of f(e) = 0, then f(m') = 0 ; 
In this case/(fl) can be factored into {0 - ■m)<p 


then becomes 


-cc'", which reduces ' 


6 — m (p(d) 

equal to — 

0(m) 

If m is repeated as a root r times, /(^) = . 


responding integral is ^ 


1 


jP(w) ((9 - my 


whic 


Ex. 1 . Solve 7 +by = ci^. 


Here /(ff) is e^ + 60 + 5; 

hence the complementary function is ciX“^ H 


integral is 


“h 6 0 -}- 5 
complete solution is thus 


which, on substitutin 


y = ciX“^ + C 20 cr^ + 


6C 


Ex. 2. Find the particular integrals of Ex 
method. 


71. Equations reducible to the hoi 

There are some equations that are e 
homogeneous linear form; and hence i 
linear equation with constant coefficient 
in Art. 65, these two forms are transfer 
Any equation of the form * 

+ •• • 


§71.] 
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when the iudependeiit variable' is ehauf^’ed from to Zj by t 
substitution of 2 : for a + bx. 

If the solution of (2) be y=:zF(z)y the solution of (1) 

y = F (a + hx). 

If 6* had been substituted for a + hx, the iudepoiuhuit vii 
able thus being changed from x to there would have be 
derived a linear equation with constant coefficients. 

Ex. 1. Solve (5 + 2 - 0(r> + 2 + 8 y = 0. 

ttX'^ (lx 


Ex. 2. Solve (2 x • 




.)2-2!,=0. 


Xiloc}^ x^dx 


EXAMPLES ON CHAPTER VII. 

1 . 


... 4. (x + + 0y = x. 


6- + 


. 6 . 




'^4y = 0. 


I. 180, + l)‘g + 1WC« + l)-g+ IM(« + l)‘g+ 8(J, + »2 . 

= x^^ 4- 4 X + 8. 
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CHAPTER VIII. 


EXACT DIFFERENTIAL EQUATIONS, AND EQUA- 
TIONS OF PARTICULAR FORMS. INTEGRATION 
IN SERIES. 


72 . In this chapter linear differential equations that are 
exact will be first discussed, and then equations of certain par- 
ticular forms will be considered. Some of the latter come 
under some one of the types already treated • but in obtaining 
their solutions, special modifications of the general methods 
can be employed. It often happens that an equation at the 
same time belongs to several forms ; instances of this will be 
found among the examples in Arts. 76, 77, 78, 79, 80. 


73. Exact differential equations defined, 
equation, 


... ^ 


A differential 


is said to be exact when it can be derived by differentiation 
merely, and without any further process, from an equation of 
the next lower order 

Exact differential equations of the first order have been 
treated in Art. 11. 


74 . Criterion of an exact differential equation. The condition 
will now be found which the coefficients of a differential 
equation, 

+ ■■■ + '^” 2 / = 


( 1 ) 



§ 72 - 74 .] EXACT DIFFERENTIAL EQUATIONS, 
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must satisfy in order that it be exact. The coefficients Po? 
Pi, P„, are functions of a;; in what follows, their successive 
derivatives will be indicated by P', P', 

The first term of (1) is evidently derivable by direct differen- 

tiation from Pq- — - , which is therefore the first term of the 
dx^-^ 

integral of (1) ; on differentiating this and subtracting the 
result from the first member of (1), there remains 




dx^~^ 


dx^^‘ 


+ ••• +Pn2/- 


( 2 ) 


The first term of (2) is evidently derivable by differentiation 

from (Pi — Po')- — which is therefore the second term of 
dx”'~^ 

the integral of (1). On subtracting the derivative of this term 
from (2) there remains 




d^'"hj p d^^^y 


+ ••'+■ Ay- 


The first term of this expression is derivable from 


(P^-Pi' + Po") 


d^~‘^y 

dx^"^^ 


which will therefore be the third term of the integral of (1). 
By continuing this process, the expression 

I P„_1 - P„_.' +•••+(- l)->Po(»-i) \% + P^ (3) 

will be reached, the first term of which is evidently derivable 
from 

lP„.-i - P.>/ + - +(- (4) 


Both terms of (3) will be derived from the expression (4), if 
the derivative of the coefficient of {y) in (4) be equal to P„, 
that is, if 

Pn - Pn / + - +(- = 0. (5) 

But if both terms of (3) are derivable from the expression 
(4), an integral of (1) has now been obtained in the form 
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p ^ I /p p i') I CP p ' I p ^ ^ 

+ - + {Pn-l - Pn-2' + - (- l)“Pu'"-«|2/ = 


; Cl. 


( 6 ) 


Therefore (1) has an integral (6), that is, (1) is exact if its 
coefficients satisfy condition (5). 


75- The integration of an exact equation ; first integrals. If 

the second member of (1) Art. 74 be f{x), and condition (5) 

be satisfied, the second member of (6) will bej"/(a;)da7 + c. 

If equation (6) Art. 74 is also exact, its integral can be found 
in the same way; and the process can be repeated until an 
equation of the second or higher order that is not exact is 
reached; in some cases, this process can be carried on until 

a value of or of y is obtained. Equation (6) is called 2 i first 
dx 

integral of (1) Art. 74. 

It is easily proven by means of Arts. 3, 4, and Note C, p. 104, 
that any equation of the nth order has exactly n independent 
first integrals.* [See note, page 108.] 

Sometimes equations that are not linear can be solved by 
the ‘trial method^ employed in the case of (1) Art. 74, for 
instance, Exs. 6, 7, below. 

Ex. 1. Solve X g + (0=2 - 3) g + 4 a: g + 2 y = 0. 

This is neither a homogeneous linear equation, nor one having constant 
coefficients. In it, Pq = x, Fi = ~ 3, Pz = ix, Ps = 2; and the con- 
dition that it be exact is satisfied by these values. ^ ^ 

Integration gives ' '' 

The condition under which this equation is exact is also satisfied ; inte- 
grating again, 

dv 

a: ^ - 6) y = Cl* + a. 


* See Eorsyth, Differential Equations, Arts. 7, 8. 
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This is not exact, but it is a linear e<iuation of the first ordi'r, and 
hence solvable by the rnothod of Art. 20. 'fhe solution is 


^5—- '•! j + Cjj + (■„. 


Bx. 2. Solve .•'•'■’'^,^1+ + “ liailx-// -x* -1 ~ fi. 

The coefficients of this e<iiiaUon do not satisfy condition (5) Art. 74; 
and hence it is not exact. However, an iutcKniting factor x"^ can be 
deduced, which will render it an exact differential tuiuation. 

Multijilication by gives 

'' '* ' ”‘,te + (•> - "”// “ ex’* + 2 X - 6)x“. 

Application of condition (5) Art. 74 to the drst inoniber, shows thaf 
for that condition to hold, m must satisfy the eijuation 

(m -f- 2) (m 4- tn ... :j ^ f = 0 ; 
that is, m must bo equal to — 2, 

On using the factor the original equation becomes 




which is exact. 

Integration givt‘8 the first int(‘gral 




i linear equation of the first order. 

Ex. 3. Solve X’y^l + 2 4* 2 y 0. 

dx^ dx. ^ 

Ex, 4, Solve 4“ ^ ^ 


Ex. 6 . Solve V^3 + ii*2-l-;>y-x. 

Ex. e. Find a llret intoRnil of xi/®. 

Ex. 7. Solve ~ - S y® = 0. 
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d^v 

76. Equations of the form 

This is an exact differential equation. Integration gives 
= ff(x) da; + Cl ; a second integration gives 

d^~^y 


daf~ 


J j'fixXdxf + cia: + Cj ; 
by preceding in this way, the complete integral 
y — Jf ••• J'/(a;)(dx)" + aiO!"'* + H 1- a„_ja; + a„ 


is obtained. 

Ex. 1. Solve ^ = a;e*. 

Integrating, ^ = xc* — e* + Ci, 


dx 


= ae* — 2 e* + cix + C 2 , 


y =z ae* — 3 6* + ca;2 -}. C2a; + Cs. 

This equation could also have been solved by the method of Chap. VI. 
Ex. 2. Solve ^ = 

Ex. 3. Solve a;2^+l=0. 
dx* 

Ex. 4. Solve ~ = sin x. 
dz^ 


d^y 


77. Equations of the form equation of the 

form 

■ 

which in general is not linear and is not an exact differential 
equation, can be solved in the following way : 

Multiplication of both sides by 2 ^ gives 

CtQJ 


' dx dx^ 





§ 76-78.] EQUATIONS NOT CONTAINING y. 
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integrating, 
From this, 

whence 


dx 


= 2p'(.v)*/+ Cl. 

dy 


{2j/(y)% + ci}i 
/; - 


dXy 


{2^f{y)dy + c,\^ 


: 3 ? -j- Cg* 




Ex. 1. Solve 
Multiplying by 2 1, 2 | g = - 2 a?yf^ ; 

+ Cl = a2(c2 - 2/2) 

dy 


integrating, 
on putting for Ci ; 
separating the variables, 


Vc2 — 2/2 




sin~i ~ = ax + cs, 


and integrating, 

hence, ?/ = c sin (aa; + C2) . 

The given differential equation is linear, and y can be obtained directly 
by the method of Art. 52. The roots of the auxiliary equation being 
± ia, the solution is ^ ^ . 

that is, y = cq sin (ax -f- C3). 

This equation is an important one in physical applications. 
d22/_ 1 


Ex. 2. Solve 


d'Jd ^ ' 


^ay 


Ex. 3 . Solve ^+^ = 0. 


Ex. 4. Solve 


d:hj 
dx2 ’ 


a^^y =: 0. 


78. Equations that do not contain y directly. The typical 
form of these equations is 


f(^ ... ^ aVo 

’dx’T 


( 1 ) 
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Equations of this kind of the first order were considered in 
Art. 26 ; and those of Art. 76 also belong to this class. 

TO , 1 1 o dy d^y dp 

If p be substituted for then ^ = = 

and (1) takes the form 

/fS 


an equation of the (n — l)th order between x and p ; and this 
may possibly be solved for p. Suppose that the solution is 


y —^F{x)dx -j- c. 


If the derivative of lowest order appearing in the equation 
div d^v 

be put find p, and therefrom find y by Art. 76. 

CCtC Ct*c 

Ex. 1. Solve a:2^-4a:^ + 6‘^ = 4. 

dx- dx 

Putting p foi* this becomes 

integrating, p = cix^ + C2X^ + |, 

whence y = ax^ + + I ic + c. 


EX... solve g = Vl -^(1) • 

Ex. 3. Solve (l + .^)g+l+(|)^ = 0. 
Ex. 4. Solve2a:gg = (gy-«-^. 


, 79. Equations that do not contain x directly. The typical 

form of these equations is 

f(&n,-,%y)=0. (1) 
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ations of this kind of the first order were considered 
. 26; and those of Art. 77 also belong to this class. 

' be substituted for then 
dx 

(Pjf dp dh/ ^drp /dpY ^ 

d.y d.x^^^ dip ^ ^ 

) will take the form 

ation of the (w — l)th order between ?/ and p which may 
y be solved for p. Suppose that the solution is 


1> = /(?/) ; 


le solution of (1) is 




Solv.,™ + 


<Pv , (dyV 


. Solve y 


d:^y [dyY 


dx'^ \ dx 


: ^2 logy. 


d'^i/ dv / (lf/ \ ^ 

^ ^ ^ method of this article, 


hat of Art. 78. 


Equations in which y appears in only two derivatives 
)rders differ by two. The typical form of these equa- 

Jd^y \ , * 
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If q be substituted for 




then 


d”?/ __ d“q ^ 


and (1) becomes 



= 0 ; 


from which g, that is, 
solution is 


d"~7/ 


may be found. 



4,{x), 


Suppose that the 


then y can be found by the method of successive integration 
shown in Art. 76. 

Ex. 1. Solve ^ -f = 0 both by this method and that of Chap. VI. 

dx^ dx^ ^ 


Ex. 2. Solve ^ — m2 ^ 
dx^ dx^ 

Chap. VI. 

Ex. 3. Solve 0. 


both by this method and that of 


81. Equations in which y appears in only two derivatives 
whose orders differ by unity. The typical form of these equa- 
tions is 


/i 


/ d”y d''" V 


a? I = 0. 


(1) 


If q be substituted for then ^ ; 

ctoo ci’Oi/ cioo 


and (1) becomes 



= 0, 


an equation of the first order between q and a;; its solution 
will give the value of q in terms of x. Suppose that the solu- 
tion is 



F(x)i 
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tlieii, from tliis relation, by successive integration, tbe value of 
y can be deduced. 

Ex. 1 . Solve — X. 

i dx^ dx 

On putting q for tins becomes 

a-q-Y~ = ic ; 

^dx 


integrating, 




integrating again, ay = } [x -V H- log (x + + C 2 ], 

, + 0‘J* 


Bx. 3. Solve + 

Bx, 4 . SOI.. 5.5 = 3. 


82. Integration of linear equations in series. When an equa- 
tion belongs to a form which cannot be solved by any of the 
methods hitherto discussed, recourse may be had to finding 
a convergent series arranged according to powers of the inde- 
pendent variable, which will approximately express the value 
of the dependent variable. Ifor the purposes of this article 
it is assumed that such a series can be obtained.’^ 

Suppose that the linear equation 

can have a solution of the form 

y = + A iX’"' 4- A^jkT^ + • • ArX^^ + • • •, (2) 

where the second member is a finite sum or a convergent series 
for some value or values of x. Concerning this series three 
things must be known : namely, the initial term, the relation 

* See Note B. Also Forsyth, Differential Equations^ Arts. 83, 84. 
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between the exponents of x, and the relation between the 
coefficients. 

The following examples show how these things can be 
determined:* 

Ex. 1. Solve (x-*2)g+4|+2i/ = 0. (1) 

The substitution of x'^ for y in the first member gives 

m(m -i- -~(^m — 2)(m ( 2 ) 

This shows that, in the case of a series in ascending powers of x which 
is a solution of (1), the difference between the successive exponents of 
X is unity. (The difference between successive exponents may be denoted 
by s.) Hence, the required series has the form 

AqX»^ + Aix^+'^ + h Ar~\X^^+^-'^ + ArX-^^^ + •••. (3) 

The substitution of (3) for y in the first member of (1) gives 

>dom(m + 3)2 c”‘~i+ — 2)(m-l- 1)] — 

-f [Ar{m + r) (m -1- r + 3) — Ar-\{m + r — 3) (m + i 


When (3) is a solution of (1), the expression (4) is identically equal • 
to zero, and the coefficient of each power of x therein is equal to zero. 
Therefore, on equating the coefficients of and to zero, it 

follows that 

m, = 0, m = -Z, Ar = ' !^^- - ~ - % Ar-i. (6) 

m + r H- 3 

The results (5) give the initial exponents of x and the relation between 
successive coefficients in the series which satisfy (1). Hence, the required 
series are completely determined. 


For m = 0, ^ ^ Ar-\, 


Then 




r + 3 
. 1-3 
“1+3 
, 2-3 
'2 + 3 


Aq = — \ Ao, 

-^1 = A 


. 3-3 , 

A 4 — 3 ^ ^ 

As = .^6 = •“ = 0 . 


Hence the corresponding series is 

•^0(1 ”■ 1 + tV 

For m = - 3, Ar — Ar-i. 

r 

Then Ai-- 6 Ao, A 2 - 10 Aq, 

— — IQ Aq^ A^ ~ 5 .^^05 

^5 = — ^0, ..i40=:..^47= ••• =0. 

Hence the corresponding series is 
.4ox-3(i — 5 X + 10 — 10 

+ 5 x^ — x®) . 


* Note L contains a general discussion to be read after Exs. 1, 2. 
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In each of these scries, Jo is J'-h arbitrary constant, hence a solution 
of (1) is 

?/ = J.(l — \ x-\- — Sic -f 10 — lOx^ + (6) 

This is a general solution, since it contains two arbitrary constants. 

The expression (2) also shows that, in the case of a series in descend- 
ing powers of x which is a solution of (1), the difference between the 
successive exponents is -—1. Such a series has the form 

AqX^ -f AxX'^-^ 4- *•* + + ArX'^-'^ + 

Substitution of this in the first member of (1) gives 

— (m — 2)(m -1- l')A(iX^ + [Jom(m n- 3) —Aim(m — 3)] -f ••• 

-t- [ — r+ 1) (in — -t- 4) — Ar(m — r — 2) (m — r 4- 1)] H- 

On equating the coefficients of x’", x”»~^ to zero, it follows that 

w = 2, m=-\, Ar = ^ A'-K 

on — r — 2 

On deducing the series corresponding to these values of on in the 
manner shown above, it will be found that a general solution of (1) is 

y = Ax\l - 6 x-i 4- 10 x~2 ~ 10 X-3+ 6 x-^ - 4. Bx-^ ( 1 j a: -1 4 - x~ 2) . 

The first of these series is the same as the second in (6) above. 

The procedure when the second member of (1) is not zero 
will be made clear in the first example below. 

Ex. 2. Integrate (1) 4- 4- 2/ = x-^. 

d!x2 dx 

First find the complementary function. The substitution of x*** for y 
in the first member gives 

(2) on(m — l)x.”*+2 4- (m 4- l)x"* ; 
whence i? = — 2, and m = 0 or 1. 

rssoo 

The substitution of ^ JrX"*“2r fQj. y gives 

r=0 

[(m — 2 r) (m — 2 r — 1) _j_ _ 2 r + 1) = 0. 

r=0 

The coefficient of ic”‘-2r+2 must vanish ; therefore 

(m ~ 2 r) (m — 2 r — 1) Jr 4- (w — 2 y -h 3) xb-i = 0, 
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hence 


(3) Ar = - 


m — 2 r + 3 


(m — 2 )•) (??i — 2 r — 1) 
which is the relation between the coefficients. 

2r-3 ^ . 


Ar-l, 


!For m = 0, 
hence 


Ar = 


2r(2r4.1) 
1 


Az=^A,=-'^Ao, etc.; 


the corresponding series is 

I 


1 JL5C-2 _ JLx-4 . 

3! 5 ! 


1^. 
T ! 


9 ! 


For m = 1, 
hence 




Ai 


2rC2r- 1) 
2 


2(2-1) 


^0 = — -4o, 




4(3-1) 

and As, A^, are each equal to zero; the series in this case is finite, 
being 


X-l. 

X 


Hence the complementary function is 

i 3! 5! 7! ) [ xj 

In order to find the particular integral, substitute for y ; then 
must m{m — 1)^03^”^+^ = x '~'^ ; comparison of the exponents shows that 
m = — 3 ; and hence .^0 = tit- 

For m = — 3 ; the relation (3) between the coefficients becomes 


2r 


(2r + 3)(2r + 4) 


Ar -1 5 


hence4,=^^„, 
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d the particular integral is 


2.4 


12 








it is, 


2x-^ 




+ -8r‘- + ' 


Ex. 3. Show by the method of integration in series, that the gei iral 
dhj 

ution of ~ + 2/ = 0 is A cos as + ^ sin oc. 

Ex. 4. (2.^ + l)g + a.| + 2,= 0. 




dx 


Ex. 6. (I~as2)^-2as^^+w(n + l)y = 0. 


83 . Equations of Legendre, Bessel, Riccati, and the hypergcometric 
des.* A fuller discussion of integration in series than is here attempted 
beyond the limits of an introductory course in differential equations, 
le purpose of Art. 82 has merely been to give the student a little idea 
a method which is of wide application ; and which is used in solving 
ar very important equations that often occur in investigations in applied 
ithematics, — the equations of Riccati, Bessel, Legendre, and the hyper- 
ometric series. 

Johnson’s Differential Equations, Arts. 171-180, discusses the methods 
he followed when two roots of (6) Art. 82, become equal, the corre- 
onding series then being identical ; and when two of the roots differ by 
multiple of s, one series then being included in the other ; and when a 
efficient Ar is infinite. 

The equations referred to above, and references to be consulted con- 
rning them, are as follows : 

t Legendre’' s equation is 


^ In connection with this article, the student is advised to read W. E. 
^erly, Fourier's Series and Spherical Harmonics, Arts. 14-18. 
t Adrien Marie Legendre (1762-1833) was the author of Elements oj 
eometrij, published in 1794, the modern rival of Euclid. He is noted 
r his researches in Elliptic Functions and Theory of Numbers. He 
as the creator, with Laplace, of Spherical Harmonics. 
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where ?i is a constant, generally a positive integer. See Ex. 5, Art. 82. 

(Forsyth, Viff. Eq,^ Arts. 80-99; Johnson, Diff. Eq,, Arts. 222-226; 
Byerly, Eourier^s Series and Spherical Harmonics, Arts. 9, 10, 13 (c), 
16, 18 (c), and Chap. V"., pp. 144-194; Byerly, Harmonic Fiinctions 
(Merriman and Woodward, Higher Mathematics, Chap. V.), Arts. 4, 
12-17.) 

^ BesseVs equation is 

in which n is usually an integer. 

(Forsyth, Diff. Eq., Arts. 100-107 ; Johnson, Diff. Eq., Arts. 215-221 ; 
Byerly, Fourier's Series, etc., Arts. 11, 17, 18 (d), and Chap. VII., pp. 
219-233 ; Byerly, Harmonic Functions, Arts. 5, 19-23 of Chap. V. in 
Higher Mathematics; Gray and Mathews, Bessel Functions and their 
Applications to Fhysics; Todhunter, Laplace's, Lame's, and BesseVs 
Functions.) 

t Biccati's equation is 

to which form is reducible the equation x ~ ay -h = cx'\ The 

latter equation is integrable in finite terms when n = 2 a, or when — 

2 n 

is a positive integer. Biccati’s equation can be reduced to a linear form, 
but of the second order, ± aP-x^u = 0. 

(Forsyth, Biff. Eq., Arts. 108-111 ; Johnson, Biff. Eq., Arts. 204-214 , 
Glaisher, Afe^notVin Phil. Trans., 1881, pp. 769-828.) 


* Frederick Wilhelm Bessel (1784-1840) may he regarded as the 
founder of modern practical astronomy. In 1824, in connection with 
a problem in orbital motion, he introduced the functions called by his 
name which appear in the integrals of this equation. 

t Jacopo Francesco, Count Riccati (1676-1754) is best known in con- 
nection with this equation, which was published in 1724. He integrated 
it for some special cases. 
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2 

'x'J‘ 


ft -(\ 

dx:^’^ dz'^Ux) ~ 


9. (1 -0:2) ^-^-0:^ = 2. 
^ c2a:2 dx 


^10. sinx|^— cosx^4-2 2/siiix=:0. 

XI. = 

(2x2 (jj^ 


12 . 


(22y _ a 
dx^ ~~ X 


13. 2/(l-logy)^ + (l + log2/)^^y=0. 


14. = sin2 X. 

dx^ 


Mi 

(2x-2'‘‘(2x” 


d^y 

dx^ 


'<2x2' 


,17. sm2x^ = 2?/. 


dx 

18. af| = ^'. 

(2x2 


19. 2/3^= a. 
dx^‘ 


dhj 


^ 20. Find three independent first integrals of ^ =f(x). 


21. g = .- + l- 


K*)’ 


Note for Art. 75. A first integral of a differential equation is an 
equation deduced from it of an order lower by unity than that of the 
original equation and containing an arbitrary constant. 

d^y 

First integrals of ^ + y = 0 are 

(™y4-2/'^ = A, ^cosx + ysinx = j 5, — ^ sinx 4- 2 /cosx = C, 

^ = yCOt(z + a). 

These are not all independent, for the four constants A, C, a, are 
connected by the equations 

B = VA cos a, C = VA sin a. 

The elimination of ^ from the second and third of these integrals 
dx 

gives tlie solution = J5 sin a: + C cos * ; 

and the elimination from the first and fourth gives another form of the 
solution, namely, y = A sin (x + a). 

In general, if independent first integrals equal in number to the order 
of the equation have been obtained, all the differential coefficients can be 
eliminated from them so as to leave the primitive. 
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CHAPTER IX. 

EQXJ^Tl03Srs OF THE SECOND ORDER. 

84. There are other methods of solution, different from those 
shown in the last three chapters, which are applicable to some 
equations of the second order; Arts. 85-89 will be taken up 
with an exposition of three of these methods. 

If a differential equation is not in a form to which any of 
the methods already described apply, it may be possible to put 
it in such a form. The very important transformations of an 
equation that can be effected by changing the dependent or the 
independent variable will be discussed in Arts. 90-92. Art. 93 
will contain a synopsis of all the methods considered up to 
that point which may be employed in solving equations of the 
second order. 

85. The complete solution in terms of a known integral. A 

theorem of great importance relating to the linear differential 
equation of the second order, is the following : 

If an integral included in the complementary function of 
such an equation be known, the complete solution can be 
expressed in terms of the known integral. 

Suppose that y = yi is a known integral in the complementary 
function of 

g + (1) 

then the complete solution of (1) can be determined in terms 
of yi. 

Let 
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be another solution of (1) ; v will now be determined. On 
substituting yi'o for y in (1), it will become 


since, by hypothesis, 


?/i dx J dx yi ’ 




On putting p for (2) becomes 

CIX 

, 2 (ly 


+ [F + - 


Vi dxj^ ?/i 


and this equation, being linear and of the first order, (Uiu bo 
solved for p. On using the method of Art. 20, the solution 
is found to be 

dx ?/,- ?/i- J 


whence, integrating. 




Therefore another solution of (1) is 


y = yii} = + c,yi J" dx + ?h f j’yieP*°X {dx)\ (4-) 


This includes the given solution = and, since it con- 
tains two arbitrary constants, it is the complete solution. 
Prom the form of the solution (4), it is evident that the 

second part of the complementary function is i/i ( 

' ^ Hi 

and that the particular integral is 
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86. Relation between the integrals. It is easily sliown, that 
if y = y = 2/2 be two index)eiident integrals of 


(fy 

(/ur 


+ A + % = 0, 


then 





dUi 

(lx 




(See Forsyth’s Diff. Eq,^ Art. 06 ; Johnson’s l)ij}\ Eq.^ Art. 147.) 

It may also be rcmiarkcd in passing, that the deduction of 
(3) Art. 85 from (1), when an integral of the latter is known, 
is an example of tlui tlu'.oreni : that, if one or several indepen- 
dent int(‘gi‘als of a limuir ecpiation be known, the order of the 
ecpiation can be lowered by a number ecpial to the number 
of the known integrals. 

(See Forsyth’s Diff. Eq., Arts. 41, 70, 77.) 


87. To find the solution by inspection. Since the complete 
integral of (1) Art. 85 can be found if one integral in its 
complementary function be known, it is generally worth while 
to try whether an integral in the latter can be determined by 
inspection. 

Kx. 1. Solve + (1 - T) ~ y = p*. 


Here, tlio sum of tlio coefllcieutH bi'ing zero, e* is obviously a solution of 

/iv 

(fa-'* ' "’ilx' 


Substitution of tifi* for y in the orijiiiml equation gives 


<lx'^ ^ (lx 


this, on subBtitutlng p for bocomes 

= ’’ 

a linear equation of the first order. Its solution is 
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hence v = log x + c*i J x~^e ' ^dx + f-'a ; 

and therefore the complete solution is 

?/ = 6^ log a: -1- cie"" y x ^dx + C 2 e®. 

Equation (4) Art. 85 might have been used as a substitution formula, 
but it is better to work out each example by the same general method 
by which (4) was itself derived. 


Ex. 2. Solve xy = x. 

dx^ dx 

[Here, y = a: is obviously a solution when the second member is zero. 
A solution can often be found by an inspection of the terms of lower 
order in the equation.] 

Ex. 3. Solve (3-s:)^-(9-4a:)^+(6-3a:)8/ = 0. 


Ex. 4. Solve X- ^ + a: ^ - 
dx^ dx 


y = 0, given that a: + i is one integral. 


88 . The solution found by means of operational factors, 
pose that the linear equation of the second order 


, ^ 

VZa^‘ 




Sup. 


is expressed in the form f{D)y = X 

Sometimes f{D) can be resolved into a product of two fac- 
tors Fi(D) and F2(D), such that, when Fi{D) operates upon y, 
and then F2{D) operates upon the result of this operation, the 
same result is obtained as when F(D) operates upon y. This 
may be expressed symbolically, 


f(D)y = F,{D)lF,(D)yU 
or simply, f(D)y = F2(D)FiiD)y, 


it being understood that the operations indicated in the second 
member of the last equation are made in order from right to 
left. Factors of this kind have already been employed in deal- 
ing with linear equations with constant coefficients, and with 
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geueoiis liaear equations, Arts. 53, 55, 67, etc. With, 
tiou of the classes of equations just mentioned, the 
‘e generally not commutative ; this can be verified in 
)f the examples below. 

of the integrals be known, its corresponding factor is 
nd the second factor can be determined by means of 
ion and the known factor. For instance, if ^ be 
‘al of the given equation, then (Z> — i)y is the corre- 
factor ; if y = X be an integral, (xD — l)y is the 
idiiig factor. The following example will make the 
f procedure clear, 

Solve a=g + (l_^)|-j, = e^. 

lation, which is Ex. 1, Art. 87, when written in the symbolic 

[xD^ + (1 - oc)D ~ l]y = 6* ; (1) 

nnbolic factors, it becomes 

(a:D + l)Ci?- l)y=e*. (2) 

[actors are not commutative, for (D — l)(x2) + l)y on expan- 
[a;i)2.f(2-x)Z>- l}y]. 

{D - l)y = tJ, (3) 

comes (xD -}- l)i7 = ; whence, v = + e^x~\ 

.tion of this value of v in (3) gives 

(D — l)y = cx-^ + e^x -'^ ; 

i integrating, y = Cie^' + e-^x-^dx + e® logx, 

a found in the last article. 

Solve Ex. 3, Art. 87, by this method. 

Solve 3 (2 - 6 *2) ^ - 4 1 / = 0. 

Solve 3 + (2 + 6x 4 y = 0. 


I 
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89. Solution found by means of two first integrals. It fol- 
lows, from a statement made in Art. To, that a linear equation 
of the second order has two first integrals of the first order. 

If these integrals be known, then can l)e eliminated 

tweenthem; the relation thus found between x and // will bt^ 
a solution of the original e(|uation. 

Another method of solution that can be ustal i!i tin* (‘ase of 
the linear e(|\uition of the second orthn* is t.he method of 
variation of parameters.’’* As most of tlu^ (Mpiat.ions solvable 
by it are solvable in other ways, and as it. is rather long, it 
will not be given liere. (See tJohnsoii’s Diff. AV/., Arts. 90, 91 ; 
Forsyth’s AV/., Arts. C)5~(>7.) 


Ex. Solve nieatis of the fir.nt iutegraln. 

On putting = P? integrating, there appears a first 

integral "" ^ ^ 

P + Vf 4- F-i e “ 




iip 


On substituting for its ecpiivaleut expreasion p and integrating, 


another first integral is obtained, 

«¥- =(y + ra)a-» a’-J. 


The elimination of p between tliese first integrals gives the solution 

, X -f <n 
2 / 4- ra a cosh 


90 . Transformation of the equation by changing the dependent 
variable. Sometimes an equation (*an be transformed into an 
integrable type by changing the dependent variables If any 
linear equation of the sec^ond order, 


dh/ 

djf 




X, 


^ This method la due to Lagrange. 


( 1 ) 
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,ak(‘,n, anil //iV? bo isul>sUi.ul.o(l for y ilun'oia, //, being hoiuo 
3 tiou of (1) will bo iransfornuHl into 


(!:■ 

dx 




oil luus V for its depoudont variable, 
bin 0 (|uatinn nuiy b<‘ wriUmi 




/> de , V, A 

dr //, 

(•■!) 

i-e 

i\ - 

.Vi dr 

(■') 


Q,. 


(fi) 


ny valno doHired can Im‘ iiHHigncal to /^| t^r Qi by nioann of a 
►er ohoio(‘ of Thun. will he i^.ero if //j iMudioHeu bo 


dj^ ■* dr. 


f Qih - <>; 


in what wm (hnie in Art. 85. 


sfairu the eoefllident. of the tirnt. (hnnvative in (5), enn 
s any arhiiniry value aHHijgiuHl U» it; hut then //j inimt bi^ 
cm HO aa to Hatinfy (4) ; that Ih^ 


Removal of the ftrst derivative. In piirtieular* it billow, h 
1 (4) or (5) Art. IM) iliat /* in '/ero 

yj V ^!**^*\ 

X sulmtitutiiifc thin value of //j in the eoetlleieiit of e in (2) 
90| thiB coefllcnent iMammeH 

tt I* 

« -i'” 
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Therefore the differential equation (1) Art. 00 of the st'cond 
order is transformed into a differential emulation not eoutainiiig 
the first derivative, by substittiting 

ijpdx y ; 

and the transformed equation is 


dxr 


q- = A" 


0 ) 


where Qi = Q 


and A’. = 


The new equation (1) may happen to bo easily int.c^grable. 
Transforming (1) Art. 90 into the form (1) is called 'M-enioving 
the first derivative.” The student should niemoriso the above 
values of the new and Xi, in terms of P, A", for tluni lie 
can immediately write down the new equation in without, 
the labour of making the substitution in the original eejuation 
and reducing. 

It may be remarked in passing that this removal of the 
term next to the second derivatives is merely an example of thes 
general theorem, that the coefficient of the term of {n — I)th 
order in a linear equation 


d/*ty 

dx”' 


+ Pi 




dx' 


v“i+- + i>= 


Y 


can be removed by substituting yp; for y, where 


^1 = 




The reader can easily verify this by making the subHiitutimi. 
(See Forsyth’s Diff. Eq., Art. 42.) 


Ex. 1. Solve — ^ q- -i -f ( --i L.. s: 0, 


4icJ 6xi 


Here P = a;-!, Q = -1 ^ ; and hence Vi - e-lj'’*' = « »'*. 

4a;i 6x1 * 
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If tho second tw-m bo nsmovi'd, 

“i 

and henca the trauBfenned luiuatiun in 

il'h'i i\ 11 .. 

the solution of which is 

ii - t 'X 

Hence the geiH'riil Holutlou of the given eiiuatiim in 



Kx. %, Solve -f ^ ^ ^ ^)y - 

Ex. 8. Solve •• 2 tan f r»l/ 0. 

Ex. 4. Solve 1 f ‘-^x I 2)|/^0. 


. 92 . Trauftformatlon of the equation by changing the independent 
'^variable. An t‘4uatiiui can HomtdiinoH \m tratinfornuHl into mi 
iutegmbUi form by cliaiiKiiig tho imbpemlout variabht. 

tPi/ ihf 

Hupimw^ that j f Qp X (1) 


i« any linoar ocjnatifm (|f th«» w’ooimI iirdor, and that the iiulo- 
pendant variahh* in to bo ahangod from x \o z, there being 
Bome given rtdatioin z eonnei’ting x and z. 


Hi nee 


dp 

dx 


dp dz 
dz dx 


, and 


tPp 

dx^ 


<Ppfdz\^ dp dh 

ih\<i.f ) ' th ,h^' 


(1) beeomea 


d’^p 

dz^ 



4- Qt!f ^ Xj, 


{2} 


where 





anti .Y, 



(*0 
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Pj, Qi, Xi, as just expressed, are functions of but can be 
immediately expressed as functions of z by means of the rela- 
tion connecting z and x. 

Any arbitrary value can be given to but then 2 ; must 
be so chosen that it satisfies the first of equations (3). In 
particular, Pi will be zero if 

^ p^ = 0, that is, if = r e~S^^^^dx. 
dx- dx J 

Again, the new coefficient will be a constant, a-, by virtue 
of the second of equations (3), if 


Ex.l. Solve ^ + ^^ + ^ 2 ^ = 0. 

X dx x^^ 

Find 0 , such that f --^V = — ; solving, z=±~- 
\ dx j x^ X 

Change of the independent variable from xto z will now give 
d-y . 

and this has for its solution 

y = A cos ^ + P sin z. 

Hence the solution of the given equation is 

a , .a 

y = Cl cos - 4- Co sin -• 

X X 

Ex. 2. Solve ^ + cot x~ -j- 4 y cosec- x = 0. 
dx^ dx 

Ex. 3. Solve 4-4^3?/ = 

0/00*^ ctx 

Ex. 4. Solve a-y =—• 

dx^ dx ^ x^ 


93. Synopsis of methods of solving equations of the second order. 

This article is merely a synopsis of all the methods discussed 
thus far in the book that are employed in the solution of equa- 
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I the second order. Several of these methods may he 
3 for solving the same equation. The references are to 
ipters and articles where the methods are described, 
ident is advised to select a few equations of the second 
rom the articles referred to, and to solve each one in 
more different ways. 

quation of the second order may be 

iar with constant coefficients, . [Chap. VI.] ; 

omogeneous linear equation, • ■ ' [Chap. YII.] ; 

exact differential equation, ’ [Arts. 73-75, 76]; 
equation that does not directly contain the dependent 
rariable, ^ [Arts. 76, 78]; 

equation that does not directly coiitain the independent 
rariable, ^ [Arts. 77, 79]; 

[Art. 77]; 

equation, one of whose integrals is known or is easily 
bund by inspection, v .r ’ [Arts. 85, 87] ; ’ 
;orable into symbolic operators, [Art. 88] ; 

equation of which two first integrals can be easily 
oiind, [Art. 89] ; 

equation that can be integrated in series. [Art. 82]. 

I equation is not in an integrable form, it may be put in 
orm by 

hanging the dependent variable, that (1) the coefficient 
f the first derivative will have an assigned value 

[Art. 90] ; 

lat (2) (in particular), this coefficient will be zero 

[Art. 91] ; 

hanging the independent variable, that (1) the equation 
dll be transformed into the linear form with constant 
Deffiicients, or into the homogeneous linear form 

[Art. 71] ; 
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or that (2) the coefficient of the first derivafivc* Avill have 
an assigned value, and, in particular, the valuta z(n‘(i 

[Art, 921; 

or that (3) the coefficient of the variable will have an as^ 
signed value, and, in particular, bo a constant. 

[Art 92 1. 

EXAMPLES ON CHAPTER IX. 


1 . 

dx^ X dx 

2. ^ + = 

dx^ xdx 


3. f'- 2 2 

dx- xdx \ x^/ 

4. (1 + //r=o. 

dx- dx 


(«‘-3)^-(4a;-a)|^4-3(a;-2)2/=0, cM)cmg a solution. 


d^y 

dod^ 


Jy 

dx 


ly 8. « ^ ~ (2 aj — 1) ~ + (x — l)y = 0, given that y =s e® is a solution. 

Alt 

y- (asinx+coscc) — iccosa:g^“f y cosa;=:0, of whichyssrdBaHolution, 

12. ~ = 0, of which y = is an integral 

“■ S+4-'=/w. 

. 5 , + 
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i 

CHAPTER X. 

METRICAL AND PHYSICAL APPLICATIONS. 

Chapter V. was devoted to geometrical and physical 
tions 5 but the choice of problems for that chapter was 
ed by the condition that a differential equation of an 
igher than the first should not be needed in determin- 
ir solution. The practical problems now to be given 
]he same general character as those already set ; but in 
) obtain their solution, equations of orders higher than 
b may be required. 

Geometrical Problems. The following can be added to 
metrical principles and formulae given in Art. 42. 

?adius of curvature in rectangular co-ordinates is 



da? 


e normal be always drawn towards the a>axis, both it 
j radius of curvature at any point on the curve are 

n the same direction when y and ^ at the point are 
3 in sign, and they are drawn in opposite directions 
and ^ agree in sign. This will be apparent on draw- 

r curves, one concave upward and one concave down- 
bove the a?-axis, and two similar ones below this axis. 
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Ex. Find the equation of the curve for any point of which the secoixd 
derivative of the ordinate is inversely proportional to the senii-cubica.1 
power of the product of the sum and difference of the abscissa and a coxi— « 
stant length a ; determine the curve so that it will cm. the y-axis at riglxt; 
angles, and the 5 c-axis at a distance a from the origin. 

The first condition is expressed by either of the equations 

^,and^= ^ 

(aj2_a2)l (a2-a:2)2- 

* Integrating the first equation, 

^ I c, » 

dx ci^ Vaj2 - 

but, by the second condition, ^ ^ when x = 0, and hence ci = 0 ; this 

gives 

dy _ X 

dx “ " 

^•2 

Integrating, y = - -^Vx^ — + c ; 

but, by the third condition, y = 0 when x = a, and hence 0 = 0; therefore 
the equation of the curve reduces to 

J{^x^ - aY = 


the equation of an hyperbola with transverse axis equal to 2 a, and conjix- 
gate axis equal to 

Had the second equation been taken, the equation of an ellipse, 
k^x^ + ( 35 ^ 2/2 ~ ^ 2 ^^ would have been obtained. 


96. Mechanical and physical problems. The following can be 
added to the mechanical principles and formulae given in Art. 
48 ; s, V, X, y, r, $, t, have the same signification as before. 

— = the acceleration of the moving particle, at any point in its 

path. 

dP'x 

— = the component of the acceleration parallel to the as-axis- 
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df 

df 

d?e 

de 


= the component of the acceleration parallel to the y-axis. 
\df ‘ 

= the angular acceleration about a fixed point. 


The force acting upon a particle is equal to the product of 
the mass of the particle by the acceleration of the motion 
of the particle due to the force.* 

An attracting force causes negative acceleration, and a re- 
pelling force causes positive acceleration, if the centre of force, 
be taken as origin. 

Ex. 1. Eind the distance passed over hy a moving point when its 
acceleration is directly proportional to its distance from a fixed point, 
the acceleration being directed towards the point from which distance 
is measured. 


Here 




Using the method of Art. 78, 

2 . — - 
dt 


- 2 kH 


d§ 

dt' 


whence 




where conveniently represents the constant of integration. 
' ds 


Hence 

integrating, 

hence 




= kdt ; 


sin“'- = Jet h ] 
a 


s =za sin {kt + h). 


ds 

Also, s can he found directly, without finding y, hy the method in 
Chap. YI. The equation may he written ^ ^ 

(iD^ + k^)s=zQ; 


* A particular choice of units is presupposed in this statement. 
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hence 
that is, 
as above. 


H — c-i sin kt -f- <'‘i cos M ; 
s = a sin {kt + ^0^ 


Ex. 2. In tlie case of the simple pendulum of hmgth f, tht‘ tupiation 
connecting the acceleration due to gravity and tin* angle. $ through which 
the pendulum swings is 

,5+,.=o, 

when 9 is small. Determine the time of an oscillation. 

' Since .V - 0, 

I 


6 z=: Cl COS 


■}J>I t + ft! sin -^‘le 


do 

Let = ^0 ^iid — = 0 when ^ =r; 0 ; applying these conditions, ci = 
Cjj = 0, and hence 


} = 9q cos ; that is, t — \j^ cos ^ , 


thu t - TT 


yjl. 


hence 


which is the time of swing from 9o to 9. It 9 

the time of a complete oscillation from to — 9o and hack again is 2 ir • 

^ // 


EXAMPLES ON CHAPTER X. 

1. Determine the curve in which the curvatun* is constant luul etpial 
to k. 

2. Determine the curve whose radius of (nirvature is etjuid to tlu^ 
normal and in the opposite direction. 

3. Determine the curve whose radius of curvatuns is e«|ua] t 4 ) tin* 
normal and in the same direction. 

4. Determine the curve whose radius of curvature is ecpud to twice the 
normal and in the opposite directum. 

5. Find the curve whose radius of curvature is double tlm normal 
and in the same direction. 

6. Determine the curve whose radius of curvature varies as the cube 
of the normal. 
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• 7, Find the curve whose radius of curvature varies inversely as the 
abscissa. 

8. Find the distance passed over by a moving particle when its 
acceleration is directly proportional to its distance from a fixed point, 
the acceleration being directed away from the point from which distance 
is measured. 

• 9. Find the distance passed over by a particle whose acceleration is 

constant and equal to a, Vq being the initial velocity, and so the initial 
distance of the particle from the ]Doint whence distance is measured. 

X 10. Find the distance passed over by a particle when the acceleration 
is inversely proportional to the square of the distance from a fixed point. 

11. Find the distance passed over by a body falling from rest, assum- 
ing that the resistance of the air is iDroportional to the square of the 
velocity. 

12. The acceleration of a moving particle being proportional to the 
cube of the velocity and negative, find the distance passed over in time t, 
the initial velocity being -uo, and the distance being measured from the 
position of the particle at the time t = 0, 

13. The relation between the small horizontal deflection ^ of a bar 
magnet under the action of the earth’s magnetic field is 

A—+Mm = o, 
dt^ 

where A is the moment of ineidia of the magnet about the axis, M the 
magnetic moment of the magnet, and II the horizontal component of the 
intensity of the field due to the earth. Find the time of a complete 
vibration. 

14. In the case of a stretched elastic string, which has one end fixed 
and a particle of mass m attached to the other end, the equation of 
motion is 

dP e 

where Z is the natural length of the string, and c its elongation due to 
a weight mg. Find s and v, determining the constants so that s = so 
the time t = 0, and v = 0 when t = 0. 

15. A particle moves in a straight line under the action of an attrac- 
tion varying inversely as the (f )th power of the distance. Show that the 
velocity acquired by falling from an infinite distance to a distance a from 
the centre is equal to the velocity which would be acquired in moving 
from rest at a distance a to a distance 
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16. A particle moves in a straight lino from rest at a (liKtaiice a 
towards a centre of attraction, the attraction varying iuvtn’sely as the 
cube of the distance. Find the whole time of motion. 

17. The differential equation for a circuit containing resistance, self- 
induction, and capacity, in terms of the (Uirrcnt and t.he time*, is 


d-f , R dl . i 
L (It ” LC 




f(t) being the electromotive force. Find the current I. 

18 . The differential equation for the abovii circuit in tcTins of the 
charge of electricity in the condens(‘r is 


.ifi * r ' r /y r J \ f 


Find the charge q. 


Id. Solve — -j- . 

L (U lAJ 


df^ ' L iU LO .//' 

0 winm 4 L. 


di 

20 . Solve X — H- 0, the differential etpiation which nunins that 

dt V 

the self-induction and capacity in a circuit neutralize c^ach other. Dciter- 
miue the constants in such a way that I is the maximum curr<mt, and 
1 = 0 when i = 0. 

(The given equation, on differentiation, reduces to “ 0.) 

21. When the galvanometer is damped, the eipiation of motion may 
be written 

+ 0 , 

dt^ (U 

a being the deflection of the needle from the position from wlde.h angles 
are measured, when in its position of equilibrium, the factor dep«mding 
on the damping, and on the restoring couple. Find tiie position of tins 
needle at any instant. 

(Fmtage, EledricUy (tnd Ma(/n(*tiHm, i>i>. 170, 180.) 

* 22. Find the cciuation of the elastic curve for a cantilever beam of 
uniform cross-section and length with a load P at the free end, the 
differential eejuation being 

r<^lf 


El 


da;’** ’ 


;v, 


where Jis the moment of inertia of the cross-section with respect to the 


* Mcrriman, Mechanics of MateriaU-t pp. 72, 73. 
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neutral axis, and E is the coefticieiit of elasticity of the material of the 
beam. ('Fhe origin being taken at the free end of the beam, the a:-axis 
being along its horizontal projection, and the y-axis being the vertical, 

=; 0 when x = U ?/ = 0 when x = 0. These conditions are sixfti- 
dx 

cieiit to determine the constants.) 

* 23. Find the elastic curve when the load is uniformly distributed 
over the beam described in Kx. 22, say to per linear unit, the differential 
e(iuation being 

tox^ 

2 

t 24. Find the elastic curve for the beam considered in Ex. 23, when a 
horizontal tensile force Q is applied at the free end, the differential equa- 
tion being 


^ Merriman, Mechanics of Materials^ ])p, 72, 73. 
t Merrimaii and Woodward, Higher Mathetmtics,, l-*rob. 105, p. 153. 
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ORDINARY DIFFERENTIAL EQUATIONS W 
MORE THAN TWO VARIABLES. 

97. So far equations containing two variables liavt* h 
sidered. It is now necessary to treat a ft‘W forms eoi 
more than two variables. S\ich equations are (dthcu’ < 
ov partial, the former having only one iiulepeiHhmt \ 
and the latter more than one. In this chapter ordinar 
ential equations will be discussed. 

98. Simultaneous differential equations which are linear 
will be considered the case in which there is a scd. of r 
consisting of as many siimiltaneous equationH as tl 
dependent variables; moreover, all the equations ari 
linear. 

By following a method somewhat analogous to that m 
ill solving sets of simultaneous algebraic ecpiatious that 
several unknowns, the dependent variables (uu’n'HpomUn 
unknowns, there is obtained, by a process of eliminal 
equation that involves only one dependent varial)le v 
independent variable; and from this newly ftnuiunl etpu 
integral relation between these two variables may < 
Then a relation between a second dependent varial>le t 
independent variable can be deduced, either (1) by tlw- 
of elimination and integration employed hi the case of ■ 
variable; or (2) by substituting the value already foi 
the first variable, in one of the equations involving o 
first and second dependent variables and the iudej 
variable. The complete solution consists of as many i; 
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(lout rolatious betwocui the variables as there are dependent 
variables. 

The following example will make the process clear : 

Ex. 1. Solve the simultaneous cMiuatiouH, 

<■> t 

(2) ‘'/'-Ff>x + 3»/ = 0. 
at 

Differentiation of (2) gives 

^ ^ (It (It 


'rheso three equations suilico for tlui elimination of x and this 

(It 

elimination is effected by multiplying the first ecpiation by -> 5, the second 
by 2, the tldrd by 1, and adding; the result is 


Solving (4), 


(4) 'f|+.V-0 
y = A cos t H- B sin t , 


and substituting this value of y \n (2), 


X cos t + — sin t. 

5 5 

By using the symbol D, which was employed in Chap. VI., the elimina- 
tion can be effected more easily. On substituting I) for y, the given 
ecjuationB become ^ 

(D + 2):r4.(I>+ l)y =^0, 

r)jr.+ (/)-hn)y:r:0. 

Eliminating x as if I) were an algebraic multiplier, 

which is equation (4); the relnalnder of the work is as above. 

If y had been eliminated instead of x, the resulting equation would 
have been 


whence 


(T)^ -H I)x = 0 ; 

X — cos 1 4- Bin t ; 
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substitution of this value in 

(6) ^_3»-22^ = 0, 

dt 

which is (1) minus (2), gives 


2 2 


Substitution is made in (5) , because it is easier to derive the ^ 
from it than from (1) or (2). 

The second form of solution comes from the first on substii 

for — and for — the coefficients in the first 

5 5 

5c. In general the constants are arbitrary in the value of only o 
dependent variables. 


Ex. 2. Solve « = 0 

dt 

iy-2x- 


dt 

dx 


2ic — 5y =: 0 


Ex. 3. Solve — 4*2 x~32/ = ^ ] 
dt I 

^-Zx + ‘2.y = e^ 
dt ) 

Ex. 4. Solve 4— -1- 9--^ + 44 a; + 49 y = « 
dt dt 

3^ + 7^ + . 34a; + 38!/ = e« 
dt dt 


Ex. 5. Solve 


dt^ 


3sc — 4y = 0 


x + y = 0 
dt^ ^ 


99. Simultaneous equations of the first order. Siinul 
equations of the first order and of the first degree 
derivatives can sometimes be solved by the following i 
which is generally shorter than that shown in the last 
Equations involving only three variables will be cons 
the method, however, is general, and can be applied t' 
tions having any number of variables. 
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3neral type of a set of simultaneous equations of the 
between three variables is 

P idx -f- Q,idy + Pidz =01 
P^dx + q^y + B^z = 0 j ’ 

Le coefficients are functions of x, y, z. 
equations can be expressed in the form 

P~~ Q~'E^ w 

j Q, E, are functions of x^ y, z] for, on taking z as the 

Lent variable and solving equations (1) for — and — , 

dz dz 

dx_^ QxR%-QoPi dy _ E,P^ ~ P,E, 
dz 'PiQo — P 2 Q 1 dz P 1 Q 2 — P^Q,! 


dx __ dji __ dz 
Qj1^2 — Qf2d^\ •^1-^2 — E 2 P 1 PiQ,2 — P 2 Q 1 

the form (2) above. 

follows, equations (2) will be taken as the type of 
limultaneous equations of the first order, 
of the variables be absent from two members of (2), 
lod of procedure is obvious. For example, suppose 
absent from P and Q ; then the solution of 


dx __ dy 

P’~ Q 


elation between x and y, which is one equation of the 
solution. This equation may enable us to eliminate 
)m one of the other equations in (2), and then another 
relation may be found ; this will be the second equa- 
le solution. 

by a well-known principle of algebra, the equal frac- 


dy (U 


are also equal to 
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IdxA-mdy -\-ndz Vdx + + n'd,z 

IF+mQA-nB^ VP -h 'm’Q + n'B ' 

the system of equations 

^ dy ^_^ ldxA‘mdy + ndz _ rdxA-m'dy -{-71 

y~^Q'~E~' IP + mQ + nE VP-j-?n'QA-n 

are all satisfied by the same relations between x, y, 
satisfy (2). 

It may be possible by a proper choice of multipliers, 
V, n\ etc,, to obtain equations which are easily soh 
whose solutions are the solutions of (2). In particular 
may be found such that 

ZP+mQ+ni2 = 0, 

and consequently 

Idx mdy ndz = 

If ldx-{-mdy-{-ndz be an exact differential, say du, 

u^a 

is one equation of the complete solution. 

If l\ m', can be chosen so that VP + n'R = 

Vdx + m^dy -f- n^dz is at the same time an exact differen 
then, since dv is also equal to zero, 

v = h 

is the second equation of the complete solution. The t} 
ponent solutions must be independent. 

Ex. 1. Solve the simultaneous equations ^ = 

® 2 xy 

The equation formed by the last two fractions reduces to 

^z= ~ 

y 2 ’ 

which has for its solution 

y = az. 

Using y, z, as multipliers like m, n, above, 

dx _ _ xdx + ydy zdz 

x2 2xy 2 xz x(x:^ + + 2 : 2 ) 
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Tho e<iuation fonucHl by the last two fractions has for its solution 

'JC!^ 4- y'i -f ^ 

The complete solution consists of these two independent solutions. 

Kx. 2. Solve — — = ■ = — — — 

mz 7iy tix --Iz ly — mx 

By using the multipliers I, m, one gets the equal fraction 
I dx -f m (hj H- 71 i lz . 

o’ 


therefore I dx 4* dy -\-7idz — (i ; 

whence lx -h m?/ + nz = ci. 

The multipliers a:, ?/» used in a similar manner, give 
X dx + ydy 4- z dz = 0, 

whence x‘^ 4- y'^ 4- z'^ = 

These two integrals form the complete integral of the set of equations. 

Kx. 8. Halve ■ 

ij^z xz y'^ 

Ex. 4. Solve = . “ 

y'-^ 7ixy 


Kx.6. Solve = 

7 /^ X- 




Ex. 6., Solve - " '4' = = -r-~T — 

(?> — e)yz (c — a)zx (a >■“ b)xy 




100. The general eaepression for the integrals of simultaneous 
equations of the first order. If the first member, 

I dx “h m d(/ 4- dz, 

of (5) Art. 99 be au exact differential, du, then, since 

, Bh j . da j , du j 
^ dz, 

dx By Bz 

I, m, n, are proportional to respectively ; and there- 

fore, (4) Art. 99 may be written 
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piL‘ + Q -I- i? = 0. 
dx ^ dy dz 


( 1 ) 


Hence, ii u = a be one of the integral equations of the sys- 
tem (2) Art. 99, then u = a also satisfies (1). 

Conversely, if w = a be an integral of (1), it is also an inte- 
gral of the system (2) Art. 99. For, since the denominator of 

du ^ , du j , du , 

dx-{--:-dy-\- — dz 
dx dy dz 

dx dy dz 

which is formed by means of — = ^ = ^ and the multipliers 

Bu du du P Q E ^ 

— , — , — , is thus 0, the numerator also must equal zero. 
dx dy dz ^ 

But the numerator is the total differential of u, and hence 

= a is an integral of the system (2). 

Therefore, in order that u:= a may be an integral of (1), it 
is necessary and sufficient that u = a be an integral of the 
system (2) Art. 99, and conversely. 

Moreover, any function whatever of the u and the v of Art. 
99 is also a solution of (1) ; for example, 

(iij v) = <j> (a, b) = c, ov <j> (w, v) = 0, 

which is equally general, since c can be involved in the arbi- 
trary function. This can be verified directly. Hence, if 

u=: a, v = b, 


be independent integrals of the system (2) Art. 99, 

(t)(ujV) = 0 

IS the general expression for the integrals of these equations. 
The arbitrary functional relation may just as well be written 
in the form u =f(v). This deduction will be used in Art. 115. 


101 . Geometrical meaning of simultaneous differential equations 
of the first order and the first degree involving three variables. 
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Equations (1) or (2) Art. 99 will determine^ for each point 
(Xy y, z), definite values of ^ and ^ ; that is, these differentia] 

equations determine a particular direction at each point in 
space. Therefore, if a point moves, so that at any moment the 
co-ordinates of its position and the direction cosines of its line 
of motion (these cosines being proportional to dx, dy, dz, and 
hence to P, Q, E, by (2) Art. 99) satisfy the differential equa- 
tions, then this point must pass through each position in a 
particular direction. Suppose that a moving point P starts at 
any point and moves in the direction determined for this point 
by the differential equations to a second point at an infinitesi- 
mal distance ; thence, under the same conditions to a third point ; 
thence to a fourth point, and so on; then P will describe a 
curve in space, whose direction at any one of its points and the 
co-ordinates of this point will satisfy the given differential 
equations. If P start from another point, not on the last 
curve, it will describe another curve ; through every point of 
space there will thus pass a definite curve, whose equation 
satisfies the given differential equations. These curves are 
the intersections of the two surfaces which are represented by 
the two equations forming the solutions ; for, these two equa- 
tions together determine the points and the ratios of dx, dy, dz, 
thereat which satisfy the differential equations. Moreover, 
the curves are doubly infinite in number; for they are the 
intersections of the surfaces represented by the independent 
integrals u = a, v = b, and each of these equations contains an 
arbitrary constant which can take an infinite number of values. 

Thus, the locus of the points that satisfy the differential 
equations of Ex. 1, Art. 99, is the curves, doubly infinite in 
number, which are the intersections of the system of planes 
whose equation is 

y = az, 

with the system of spheres whose equation is 
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and the locus of the points that satisfy the equations of Ex. 2, 
Art. 99, is the curves which are the intersections of all the 
planes represented by 

lx -f- 'nvy -{-nz = c, 

c having an infinite number of values, with all the spheres 
k having an infinite number of values. 




^ 102. Single differential equations that are integrahle. 
dition of integrability. The equation 


Con- 


Pdx Qdy + Rdz = 0 (1) 

has an integral w = a, (2) 

when there is a function u whose total differential du is equal 
to the first member of (1), or to that member multiplied by a 
factor. If (1) have an integral (2), then, since 


du = ^dx-i-^dy — dz, 
ox oy oz 


P, Q, P, must be proportional to — , ~, that is, 

dx dy dz 




du 

dx 


fx,Q = 


du 

dy 



These three conditions can be reduced to one involving the 
coefficients P, Q, P, and their derivatives. On differentiating 
the first of these three equations with respect to y and z, the 
second with respect to z and a;, and the third with respect to 
X and y, there results, 
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dff ^ dif dx dy 


dx dx 


dz 


dhi, 


y>5/A_, dR 
Bz dydz By ^ By 


t>^m , BR B^u, jyBfji , BP 

a.r=05ar ^ dz+^^dz 


whence, on rearranging, conies 



Bz By 


dy Bz 





j> u §y 

llzj dz dx 


On multiplying the first of the last three equations by ii^, the 
second by P, tlie third by Q, and adding, there is obtained, 



dR\ 

lyj 


+ Q 


dji 

dx 





=: 0 , 


(3) 


the relation that must exist between the coefiicients of (1) 
when it has an integral (2). 

(Jonveraely, when relation (3) is satisfied, equation (1) has 
an integral;*^ and hence (3) is the necessary and sufficient 
condition that (1) be intcgrable. It is called the condition or 
criterion of iutcgralnlity of the singh^ diFferential ecjuation (1) ; 
and is easily remembered, for P, Q, R, y, appear in it in a 
regular cyclical order. 


103. Method of finding Ihe solution of the single integrable 
equation. Suppose that the condition for the integrability of 

Pdx^ qdy+Rdz:=:() (1) 


^¥or proof of this, si^o Note II. 
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is satisfied; a method has now to be devised for finding its 
solution. Pdx can only come from the terms of the integral 
that contain Qdy from the terms that contain y, and Bdz 
from the terms that contain z. Hence the integral of (1) is 
found in the following way : 

Consider any one of the variables, say z, as constant, that is, 
take dz = 0, and integrate the equation 

Pdx + Qdy = 0. (2) 

Put the arbitrary constant of integration that must appear 
in the integral of (2) equal to an arbitrary function of 5 ;. This 
is allowable because the arbitrary constant in the integral of 
(2) is a constant only with respect to x and y. On differen- 
tiating the integral just found, with respect to x, and z, and 
comparing the result with (1), it will be possible to determine 
the constant appearing in the integral of (2) as a particular 
function of z. 

Equations which are homogeneous in x, y, z, like those in 
Art. 9 in 07, y, are always integrable. The initial step in solv- 
ing these equations is the substitution of zu for 07 , and of zv 
for y* 

Kote. That an equation of the form 

Pdx -f Qdy -h Bdz -f- Tdt -f • • • =0, 

involving more than three variables, may have an integral, 
condition (3) Art. 102 must hold for the coefficients of all the 
terms taken by threes. All the conditions thus formed are, 
however, not independent.f 

Ex. 1. Solve ( 2 / 4- z)dx + (z + x)dy + ( 0 ; -f- = 0. 

Here, the condition of integrability is satisfied. 


* See Johnson, Differential Equations, Art. 250. 
t See Johnson, Differential Equations, Arts. 252-254; Porsyth, Differ- 
ential Equations, Arts. 163, 164. For a complete proof of these proposi- 
tions, see Forsyth, Theoi'y of Differential Equations^ Part I., pp. 4-12. 
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Suppose that ^ is a constant, then dz = 0, and the equation becomes 
(y + + (;s + = 0 ; 

and this on integration yields 

(2/ 4- s) (is + £C) = = 0(2). 

Differentiation with respect to ic, y, 2 , gives 

( 2 / + z)dx +{z + x)dy 4 (x + y)dz -\-2zdz- ^dz = 0. 

dz 

Comparison with the given equation shows that 
2 zdz — d<l> = 0; 
whence 0 ( 2 ) = 2 ^ 4 cK 

Therefore, {y + z){z x)— 2 ^ 4 ; 

or, reducing, xy yz zx = cP- is a solution of the given equation. 

This example can he solved more easily by rearranging the terms in 
the following way : 

xdy ydx-\- ydz-\- zdy 4 ^dx 4 = 0 , 

where the integral is seen at a glance to be 

jcy 4 2 /^ 4 s'X = c^. 

It is well to try to obtain the integral by rearranging the terms, before 
having recourse to the regular method. 

Ex. 2. Solve ^ zdx-x 

Here there is no need to apply the condition of integrability, for the 
several parts are obviously exact differentials ; the integral is immediately 
seen to be 

-}- w ’-2 4 z^ 4 tan-i - 4 ax^ 4 hy'^ cz — h. 
z 

Ex. 3 . Solve ( 2 / 4 z)dx 4 d?/ 4 = 0. 

Ex. 4 . Solve zydx — zxdy y-dz. 

Ex. 5. Solve (2 x"^ -\-2xy -\-2 xz‘^ 4 l')dx 4 dy 2 zdz = 

Ex. 6 . Solve ( 2 /^ 4 yz^dx 4 {xz 4 z'^')dy 4 ( 2 /^ — xy')dz = 0. 
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104 . Geometrical meaning of the single differential equation 
which is integrable. Suppono that the ecpuitioii 

Fdx Qdf/ lidz~-.~A) (1) 

satisfies the condition of integrability, and that its solution is 
F{.v., y, z) = a (2) 

Equation (2) represents a single inlinity of surra(u*H, there 
being one arbitrary constant. This constant can be dettunuined 
so that (2) will represent the surface which passes through any 
given point of space. If a point is moving upon this surfatu* in 
any direction, the co-ordinates of its position and tin* dinu'tion 
cosines of its path at any moment, whi(*h an^ proportional to 
(Ix^ dy, dz, satisfy (1), since (2) is tln^ inU^gral td‘. (1). Also for 
each point {x, y, z) there will be an infinite nnmlxu* of values 

of — and which will satisfy (1); tlnundon*, a point that is 
dz dz 

moving in such a way that its co-ordinates and the dirtudion 
cosines of its path always satisfy (1) can pass through any 
point in an infinity of directions. Hut, when passing through 
any point, it must remain on the purti(ndar surfaec^ nquu^scuited 
by the integral (2) whicdi passes through th(‘ point; hema* all 
the possible curves, infinite in number, which it (‘un th^mulbe 
through that point must lie on that H\irfa(‘e. 

It has been shown in Art. 101 that a point wlntdi is moving 
subject to the restrictions imposed by the two t^cpiutions (1) 
Art. 99 can describe only one curve through any one point; 
on the other hand, a point that is moving suhjecd. to tlu‘ restih?- 
tion of a single integrable. ecpiation can descriis* an infinity of 
curves through that point; all the latter enrvt's, ho\vt*vtn\ lie 
upon the same surface. 

For example, a point passing through the point ( 1 , 2, A) in nudi 
a direction as to satisfy the ecjuatious of Ex. I, Art 99, must 
move along the intersee.tion of the plane having the equation 

Ay^2z 

and the sphere whose etpuitiou is 
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-f y' 4- z^) == 14 z. 

A point moving so as to satisfy the equation of Ex. 1, Art. 
103, can pass through (1, 2, 3) in an infinity of directions, 
but all these possible paths lie upon the surface having the 
equation 

xy + yz zx =11. 

105 . The locus of Pdx -f Qdy + Itdz = 0 is orthogonal to the 

locus of — = The equation 

Q R 

-f = 0 (1) 

means, geometrically, that a straight lino whose direction co- 
sines are proportional to dx, dy, dz, is peiqxmdicular to a line 
whose direction cosines are proportional to P, Q, R.^ There- 
fore, a point that is moving sul)je(4'. to the (‘ondition expressed 
by (1) must go in a direction at right (uiglex to a line whose 
direction cosines are proportional to P, Q, R. 

On the other hand, the ecpiations 

(lx __ dy _ ^ 

P Q ^ R 

mean, geometrically, that a straight line whose direction vos 
sines arc ])roportional to dx, dy, dz, is parallel to a line whose 
direction cosiiu's arc proportional to P, Q, R. Therefore, a 
])oint that is moving subject to tlu^. c.onditions expressed by 
(2) must go in a direction pandUi to a line whose direction 
c,()sines are proportional to P, Q, P. Idieretorc, the curves 
tracked out by poini.s that are moving subjeud; to the condition 
(1) are orthogonal to the curves trac<‘(l out by points that 
are moving subject to the c.onditions (2), The former (uirves 
are any of the curves upon the surfaces represented by (1) ; 
therefore the curves represented by (2) are normal to the 
surfaces represented by (1). If (1) be not integrable, there 

^ C. Smith, Solid Geometry, Art. 24. 



142 


DIFFEBENTIAL EQUATIONS. 


[Ci-i. XI. 


is no family of surfaces which is orthogonal to all the lines 
that form the locus of equations (2). 

The principle deduced in this article will be employed in 
Art. 118 of bhe next chapter. 

# 

106. The single differential equation which is non-integrable. 

When the condition of integrability is not satisfied for 

Fdx + Qdy + Rdz = 0, (1) 

there is no single relation between x, y, z, as, for example, 
f(x^ y, z) — c, that will satisfy (1). 

If, however, there be assumed some integral relation, 

<i>{x,y,z) = a, (2) 

which on differentiation gives the differential relation 

dx 4- ^dy -\-^dz = 0, (3) 

dx ay oz 


two integral relations can be found which together satisfy (1) 
and (3), this being the case discussed in Art. 99. Of course, (2) 
is one of these relations. 

Suppose that JF(Xy y, z) = b (4) 

is a relation which with (2) forms the complete solution of 
equations (1) and (3). In Art. 101 it was shown that the 
locus of the complete solution of (1) and (3) consists of the 
curves of intersection of (2) and (4) ; hence, geometrically, this 
solution of (1) amounts to finding the curves satisfying (1) that 
lie on the surfaces represented by (2). 


Ex. The equation 

(1) xdx + y dy + cJl - ^ - = 0 

is one for which the condition of integrability is not satisfied, 
that the relation 


( 2 ) 


a2’^52 c2 


= 1 


Suppose 


be assumed. 
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In virtue of (2), (1) may be written in the form 
(3) xdx + y dy + zdz ] 
whence (4) x- + = c’-^. 

Thus (2) with (4) gives a solution of (1). Had a relation other than 
(2) been assumed, a co-relation other than (4) would have been obtained. 
'Fhe geometric interpretation is, that the lines upon the ellipsoid repre- 
sented by (2) which satisfy (1), have been determined; and have been 
found to be the intersections of the family of spheres whose equation is 
(4) with that ellipsoid. 


EXAMPLES ON CHAPTER XI. 


1. 

^ 4 2 - 2 X 4- 2 y = 3 eP 

at dt ' 

3. 2‘^----4y=z2x 
dx^ dx 


,*]l?^^4-l^l^42x4-y = 4^>-’L 
dt dt 

■2^ + ii?-Sz = 0. 

dx dx 

2. 

4 <^?J4 9?&4.2x 4“’^M y = 
dt dt 

| + 4, + 3!, = . 


j> .1, 7 4. .r 4 24 y 3. 

dt (U 

'■^+2x + tjy = e‘. 
dt 

5. 

tdx — (t 2x)d/: 



t dy {lx 4- ty 4 2 X - t)dt. 

xMx:- 4- y-dif — zHz- 4 '2xydxdy = 0. 


7. - ?/'* - ifh:)dx + (x?/- - - %^)dy -h (x?/^ + xhj)dz - Oc 




{if + yz -H z*^)d:t 4- (x- ■+■ 4- z'^)dy 4- (x^ 4- xy 4- y'^)dz = 0. 

{yz 4- xyz)dx> •}- {zx 4- xyz)dy 4- (xy 4- xyz)dz = 0. 


10. .?(y + z)dx. + z{%i - xfly 4- y(x -- %C}dz + y(y 4- z)du = 0. 


U. (2 .r, 4’ y« 4’ 2 xz)dx. 4- 2 xydy 4- = dn, 

12. dz 4' (x a)dx = \K^ - z- -(x - a)-}^dy. 


4- 4 X 4- y = 

dtx 

4. w 2 X “ cos'*^ t 


(W 


13 . 
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16. ± = where 

\ \ '/j 

X = H- -f d 

Y = a'rt: + 6'?/ 4- ^;^'r + df' 

== -h 

17. Show that the integrals of the system 

= ax +hy + c, = a'x -h h'y -h <*', 
dt dt 

are {a + ^la') (sc + miy) + c + m^c' “ 

{a + m^a') (x + ni^y) 4- ^‘ + == 

where mi, mo, are the roots of 

a'm^ 4- (« -- ^0^^^ — ?> = 0 ; 
and obtain a similar solution for the system 

— = ax 4- 6y, = a^x + h*y. 

(Johnson, Dijf- Bq,, Kx. 16, p. 269.) 

18. Find the equation of the path described by a particle subject only 
to the action of gravity, after being projected with an initial velocity iii 
a direction inclined at an angle <f) to the horizon. 

K^19. Determine the path of a projectile in a resisting medium such as 
air when the retardation is c times the velocity, given that the initial 
velocity is Vq in a direction inclined at an angle </> to the horizoti. 

^20. F.ind the path described by a particle acted upon by a central force, 
the force being directly proportionrl to the distance of the particle. 

^21. The two fundamental equations of the simple analytical theory 
of the transformer are 

dt dt 

iJ2ia + 

dt dt 

where ii, 12 , denote the currents, i?i, the resiatonces, Xi, Xg, the 
coefficients of self-induction of the primary and sccondai^ currents re- 
spectively, ei the impressed primaiy electromotive force, and M the 
mutual induction. 


15. —=ny — mz 
/ dt 

^z=lz ~ nx 
dt 

= MX — ly. 
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I 0'* ] 

j 4 lu>w that, e, ii, i.<, and S being variable, the diflerential eeiuations for 
^ jjriinary ami secondary currents respectively are, 

M-) ■ y ■ 1 (Xiffa -h ifi-ffafi ~ -ffeCi ~f \ 

at dt 

iUL, - Al‘^) ^ 

dt^ dt dt 

(Bedoll, The .Prhiciples of the yVansfonner, Chap. VI.) 

The general equations for electromotive forces in the two circuits 
^ 1 , transformer with capacities ci and co being 

e = fit) = i"— 4- iiici + + M ^ yX 

Cl dt dt 

<'m dt dt 

oT^ 6, t'l, ii, are variable, show that the differentiar equations for the 
( jiary and secondary currents are 

(IP dt^ \c>i Cl JdP 

+ {:>h + + J_ii = i/'({) 4- «,/»(«) 4- L.jf"lit). 

\< 2 ('l / (tc ('i(‘2 ('ti 

JaU - itfO 4- illxU H- tlM) + f 4- + lU 

(iP dP \ Co n / dP 

+ f + - A - k=- it//'" («) • 

\'*o ('x/dt CjCo 

(Bedell, The Prhiciples of the lYiVisfornier, Chap. XI.) 
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CHAPTER XIL 


PARTIAL DIFFERENTIAL EQUATIONS. 


107 . Definitions. Partial differential equations are 
wMcli contain one or more partial derivatives, and musi 
fore, be concerned with at least two independent variab 
The derivation of partial differential equations will 
cussed in Arts. 108, 109 ; equations of the first order 
considered in Arts. 110-123; and those of the secoi 
higher orders in the remaining part of the chapter, 
equations, excepting the ones treated in Arts. 117, Ir 
will involve only three variables. In what follows, x 
will usually be taken as the independent variables, ai 

dependent; the partial differential coefficients 
denoted by p and q respectively. 


dx by 


108 . Derivation of a partial differential equation by the 
nation of constants. Partial differential equations ( 
derived in two ways : (a) by the elimination of arbitra 
stants from a relation between a?, y, 2:, and (&) by the elim: 
of arbitrary functions of these variables. To illustrate (< 

^ y, a, &) = 0 

a relation between a?, y, 2?, the latter variable being dep 
upon X and y. In order to eliminate the two constant 


* Equations with partial derivatives were at first studied by D’ A 
(see p. 173), and Euler (see p. 64), in connection with probl 
physics. 
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two more equations are required. These equations can be 
obtained from (1) by differentiation with respect to x and y ; 
they will be 


dx 


dz^ ’ dy dz 


3 = 0. 


By means of these three equations, a and h can be eliminated, 
and there will appear a relation of the form 

F{x,^i,z,p,q) = 0, (2) 

a partial differential equation of the first order. 

In (1) the number of constants eliminated is just equal to 
the number of independent variables, and an equation of the 
first order arises. If the number of constants to be eliminated 
is greater than the number of independent variables, equations 
of the second and higher orders will, in general, be derived. 
The following exainjdes will illustrate this. In these exam- 
ples, z is to be taken as the dependent variable. 


Ex. 1. Form a partial differential equation by the elimination of the 
constants U and k from 

(as — uy^ -h (y — A;)- -f 
Differentiating with respect to x and y, 

X- — =: 0, 

y — k -f ^(1 = 0. 

Substituting tlie values of x ~ h, y — k from the last two equations in the 
given equation, 

+ f/ + 1 )= 0-. 


Ex. 2. Form the partial (Urferential equation corresponding to 
z i- ax 4 - hy + ah. 

Ex. 3. Eliminate a and h from z = a{x 4- y‘) H- h. 

Ex. 4. Eliminate a and b from = ax + + b. 

Ex. 5. Eliminate a and b from =(x 4- a)(?/ 4 h). 

Ex. 6. .Form a partial differential equation by eliininating a, ?>, c from 
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109. Derivation of a partial differential equation by th< 
tion of an arbitrary function. To illustrato {h) ol* Art. 
})()sc tlxat u and v are fiuud.ions of Zj and that t 
relation between u and v of the form 

<l> Oh '^0 - 

where ivS arbitrary. The relation may also b(‘ ex pi 
the form u where /is arbitrary. It is now i.o ]i 

that, on the elimination of the arbitrary fumd.ion 
a partial diiferential ecpiation will be fornunl ; ;uid, n 
that this ecjuation will be IhuHir, that is, it will he of 
degree in p J^^^d q. 

Pifferentiation of (1) with respect to each of i\m huh 
variables x and // giy^^ 



Elimination of*—, — from t-heso two (‘(luations resul 
dn do 


du , ..<9^ A Ale . . (1/: 


dx 


+ P 


. 4. ^ 


dz J \dy dz J \dy dz 


dtt 


4. q 


(In' 


and this can bo rearranged in Ihe form 


whore 


pp + Qq ~ 

_ dll. do di( do 

dy dz dz dy 




do do 
dz dx 


do do 
dxd? 


do , dt 


_ dn do dft do 
dx dy dy dx 

Thus, from (1), whicdi involves an arbitrary function 
tial differential eriuation (2) has been olitained, wluch 
contain (b and is linear in p and g. 

j' - „ i i - J. . ‘d-i- 
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Wlien the ^iven relation between ir, ?/, z (‘.ontains two arbi- 
trary functions, the partial differential equation derived there- 
fjoni will, except in particular cases, involve partial derivatives 
of an order higher than the second.* 

Kx. 1. Eliniinate the arbitrary function from z = — y). 

Differentiating with respect to x, p = — y). 

Differentiating with respect to v/, q = ne^y(}>(x — y) — (x. — y); 

and, therefore, q = nz — p, 

that is, jp -P (2 = 7LZ, 

Ex. 2. Korin a partial differential eipiation by eliminating the arbi- 
trary function from z = F(x:^ y'^). 

Kx. 3. Eliminate the function </> from lx + my + nz = -1- -P 

Ex. 4. Eliminate the function /from z = y'^ -P -h l^g?/ j ' 

Ex. 5. Eliminate the arbitrary functions / and 0 from 
z z=^f{x -p ay)+<t>(x - ay). 

Partial Differential Eqitationh of the First Order. 

110 . The integrals of the non-linear equation: the complete 
and particular integrals. lu Art. lOS it was shown how the 
partial diifcrcutial eipiatiou 

?A V, <l) = 0 (1) 

may he derived from 

<j>(ir.,y,z,a,h)=0. (2) 

Bupipose, now, that (2) has htum derived from (1), by one of 
the midliods luu’eafter shown; then the solution (2), which has 
as many arbitrary constants as there lira imhqKuuhmt vaimibles, 
is called the (*ompl(de integral of (1). 

A parti(‘.ular integral of (1) is obtaim‘d by giving particular 
values to a and b in (2). 

# S(ic Edwards, l)(lTmntiaf (btlculn.^^ Arts. oOU r»l 1 ; Wiiruunson, 
I)iff)>rmtlal GalenlHSt AtIh. 3ir>~IM9; «JohnHou, OifferenUal Equal iom^ 
Arts. 299»-:101, 
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111. The singular integral. The locus of all the 
whose co-ordinates with the corresponding values of ' 
satisfy (1) Art. 110, is the doubly infinite system of j 
represented by (2). The system is doubly infinite, 
there are two constants, a and &, each of which can 
infinite number of values. Since the envelope of all 
faces represented by <f> (x^ y, z, d) = 0 is touched at 
its points by some one of these surfaces, the co-ordii 
any point on the envelope with the p and the q belor 
the envelope at that point must satisfy (1) ; and, th 
the equation of the envelope is an integral of (1). T1 
tion of the envelope of the surfaces represented b; 
obtained in the following way : * 

Eliminate a and h between the three equations, 


a, 5): 
d<j> 
da 


: 0 , 

: 0 , 


A . 

db ’ 


and the relation thus found between x, y, z is the equj 
the envelope. This relation is called the singular inte 
differs from a particular integral in that it is not conta 
the complete integral ; that is, it is not obtained from t 
plete integral by giving particular values to the co 
(Compare Arts. 32, 33.) 


112. The general integral. Suppose that in (2) Art. 
of the constants is a function of the other, say 6 =/( 
this equation becomes 

4>(x,y,z,a,f(a)) = 0, 

which represents one of the families of surfaces incl 
the system represented by (2). The equation of the e 


*For proof see C. Smith, Solid Geometry^ Arts. 211-215 
Aldis, Solid Geometry^ Chap. X. 
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of tlie family of surfaces represented by (1) will also satisfy 
(1) Art. 110, for reasons similar to those given in the case of 
the singular integral. 

Moreover, this equation will be diJBcerent from that of the 
envelope of all the surfaces, and it is not a particular integral. 
It is called the general integral ; and it is found by eliminating 
a between 

<l>(x,y,z, a,/(a))=0, 

and ^=0. 

da 

These two equations together represent a curve, namely, the 
curve of intersection of two consecutive surfaces of the system 

(x, y, 2 !, a, /(a)) = 0. The envelope of the family of surfaces, 
being the locus of the ultimate intersections of the surfaces 
belonging to the family, that is, of the intersections of consecu- 
tive surfaces, contains this curve to which the name chamo 
teristic of the envelope has been given. Hence the general 
integral may be defined as the locus of the characteristics. 

Other relations may appear in the process of deriving the 
singular and the general integrals from the complete integral, 
but it is beyond the scope of this work to discuss such relations. 
When one has performed the operations necessary to find the 
singular and the general integrals, he should test his result by 
trying whether it satisfies the differential equation. (Compare 
Arts. 33-38.) 

In the case of every equation, the general integral and the 
singular integral, as well as the complete integral, must be 
indicated or* the equation is not considered to be fully solved. 
The complete integral is to be found first, and from it the other 
two are to be derived.* It is evident that the locus of the 
singular integral will be the envelope of the loci of all the 
other integrals, of the general as well as of the complete. 

* The distinction between the three kinds of integrals of partial dif- 
ferential equations was made by Lagrange in Memoirs of the Berlin 
Academy^ 1772, 1774:, 
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2-2(p2 + ^2 4. 1) = c2 

■was derived from 

The latter equation, which contains two arbitrary constar 
complete integral of the former ; it represents the doubly infini 
of spheres of radius c, whose centres are in the xy plane. 

A particular integral of (1) is obtained by giving h and k 
values in (2) ; thus, 

(x — 2)2 + (y — 3)2 + 2^2 ~ ^.2 
is a particular integral. 

The singular integral of (1) is the equation that represents th 
of these spheres ; it is obtained by eliminating h and k from (2) 
of the relations derived by differentiating (2) with respect to h J 

The differentiation gives 

X — 7i = 0, 

2 / - 76 * = 0 ; 

on substituting these values in (2), h and k are eliminated, 
results the equation 

55 = i c. 

This satisfies equation (1), and, therefore, is the singular in 
represents the two planes that are touched by all the spheres r( 
by (2). 

Suppose, now, that one of the constants is made a funct: 
other, say, that 

k = h. 

Then the centres, since their co-ordinates have that rolatlc 
stricted to the straight line y = x in the xy plane ; and of the 
spheres representing (2) there will be chosen a particular family 

(x — A)2 -{- (y — hy + = c2. 

The envelope of this family is the tubular surface, in this ca! 
der, which is generated by a sphere of radius c, when its eeu 
along the line y = x. The equation of this envelope is a general 
it is found by eliminating h from (3) by means of the relation 
by differentiating (3) with respect to h. 

The differentiation gives x — h 4 y -- h = 0, 
h = i(* + S')- 


whence 
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Substituting this value of /i in (.‘i), 

_ 2 xy + =2 c^, 

which is a general integral. 

If the relation between the constants were assumed to be 

— 4 ah^ 

the corresponding general integral would be the equation of the tubular 
surface generated by a sphere of radius c, whose centre moves along the 
parabola y'-® = 4 ax in the xy plane. 

113. The integral of the linear equation.=^ In Art. 109 it was 
filiown that from an arbitrary functional relation 

( 1 ) 

there is derived, by the elimination of the function efy^ a linear 
partial differential equation 

Fpi^Qq^Il ( 2 ) 

Suppose that (1) has been derived from (2); then v)^ 0 
is called the general solution of (2). Since <l> is an arbitrary 
function, the solution (1) is more general than another solution 
of (2) that merely contains arbitrary constants. For instance, 
Ex. 2, Art. 109, shows that the general solution of 

yp — air/ = 0 

is « = +?/0» 

where F denotes an arbitrary function. The arbitrary func- 
tion F may take various forms, as, 

z- a (x^ + fy + h (x^ + /), 
z^a sin ■+ ?/®) + 6, 
etc., 

which are all solutions of the differential equation, and are 
included in the general solution above. 

*^Tha student will find it of great advantage to read C, Smith, ^%Ud 
Geometryt Arts. 210«22d ; W. S. Aldis, (U.ometry^ Arts. 142-151, in 
connection with this and following articles, 
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114. Equation equivalent to the linear equation, 
a partial differential equation which is linear in ^ 

Pp+ Qq = E, 

P, Q, R being functions of x, y, z. 

Suppose that u — a 


is any relation that 
to X and y gives 


satisfies (1); differentiation 


dll , Bu 


Bu 

By 


Bu f. 


whence 


Bu. 

Bu 

Bx 

By 

du’ 

Bu 

dz 

Bz 


Substitution of these values of p and q in (1) c 


Bx By Bz 


Therefore^ if = a be an integral of (1), a 
(2). Conversely, if w = a be an integral of (2)^ 

integral of (1). This can be seen by dividing by ^ 

tilting p and q for the values above. Therefon 
can be taken as equivalent to equation (1). 


115. Lagrange’s solution of the linear equation. 

it was shown that 

'y) = 0 

is a general integral of (2) Art. 114 when u = 
independent integrals of the system of equations 

dx __ dy _ dz 
P~‘ R 
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Hence the following rule may he given : 

To obtain an integral of th^\!inear equation of the form 

Pp-\-Qq= E, 

find two independent integrals of 

dx__dy_dz^ 

P'~ E' 

let them be le = a and = h 5 
then <ji(u, 'vi)==0f 

where <jE> is an arbitrary function, is an integral of the partial 
differential equation. 

Instead of <l>(u, v) = 0, there can with equal generality be 
written u =f(y), where / denotes an arbitrary function. 

This is known as Lagrange’s solution of the linear equa- 
tion;* the auxiliary equations (3) are called Lagrange’s 
equations ; and the curves of intersection of the surfaces rep- 
resented by the integrals of (3) are called Lagrangean lines. 


116 . Verification of Lagrange’s solution. The truth of 
Lagrange’s solution may also be shown in the following way. 
Iform the differential equations corresponding to u = a and 
V =bfloj eliminating the arbitrary constants a and b ; this gives 


du 

dx 


dx + 


du 

dy 


dy+^dz = 0, 
dz 


^^dx + ^dy + ^dz = 0, 
dx dy ^ dz ’ 


* Joseph. Louis Lagrange (1736-1813) was one of the greatest mathe- 
maticians that the world has ever seen. He wrote much on differential 
equations, and the theory of the linear partial equation was first given by 
him. He discussed the case of three variables and gave the solution in a 
memoir in the Berlin Academy of Sciences in 1772 ; he treated singular 
solutions in a memoir of 1774 ; and in memoirs of 1779 and 1785 he gave 
a generalised method applicable to equations having any number of varia- 
bles. See footnote, page 40. 
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dx dy __ dz 

whence ^ ^ ^ ^ 

dy dz dz dy dz dx dx dz dx dy dy dx 

But, in Art. 109, it was found that the equation derived from 
-y) = 0 by eliminating <j!> is 


dy dz dz dy)^ 


dz dx dx dz ) dx dy dy dx 


Comparison shows that these equations have the forms 

dx_dy __ dz 
~P~ Q'^B 

id Pp -f Qq = i^, respectively. 


Ex. 1 . Solve xzp + yzq = xy. 


Dividing by xyz^ 


y X zA 


forming the auxiliary equations, 

ydx = X(Jy :=: z dz. 

Integrating the equation formed by the first two terms, 


Also ydx+xdy=:2zdz; whence z- — xy = c. 

Therefore, the solution is z^ ~ xy = <p or / - xy^ | j =0. 

Ex. 2. Solve i? + g = “• 

Ex. 3. Solve {mp: — ny)p + {nx — lz)q = ly — vnx. 

Ex. 4. Solve x-p -f- ?/‘-g = z'-^. 


Ex. 6. Solve -f xzg = y‘^. 


117. The linear equation involving more than two independent 
variables. If there be n functions %, 'lu, •••, vq*, of 71 1 varia- 

bles Zj X 2 , •••, z being dependent and the other variables 
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independent, then the arbitraiy function <f> can be eliminated 
from 

wa, w,,) =0 (1) 

by an extension of the method used in Art. 109. The result 
will be a linear partial differential equation of the form 

/v|^ + P#+- + 7>„|5. = iJ. (2) 

dx.2 dx^ 

Moreover, on forming the differential equations correspond- 
ing to ?q = Cl, Ca, •••, u,, = by eliminating the constants 
^*13 ^ 2 ? proceeding as in Art. IIG, there will be obtained 


dxi __ (Ixn 

i\ ~ li 


dx^ __ dz 

E 


1 fence the following rule may be given : 

In order to deduce the general integral of the partial differ- 
ential (Mpiation (2), write clown the auxiliary equations (3), and 
find n independent integrals of this system of equations ; let 
these integrals be 

n, = c„ '?/a = C2, •••, = 

then ?q,, •••, = 0, 

where ^ denotes an arbitrary function is tlie integral of the 
given equation. 

Stvppose that u = c is an integral of (2) ; then 




equation (2) can take the equivalent form 

I . I Su, I jrj> Bth ^ 

/> _ + ..j p .. -P p — 0. 

dxi Bx^ Bz 


( 4 ) 



158 


DIFFERENTIA L EQ UA TIONS 


[Cm. XII. 


Ex. 1. Solve 

The auxiliary equations are 


^ + {t+x+!/)S^ 
dy ds 


-x+y+z. 


dt __ dx _ dj ! (?£ ^ 

X F y -¥ y ^ 1~ z + 1 + X 


whence, 

dt -f dx + dy + dz _ dt — dx __ 

S(^t “f“ X —f“ y “{“ z') X t 

from this, 

log (i + a: + 2 / -1- z)'^' = log 

X ~ t 

hence, 

(x — t^^t + X + y A z) a = Cl ; 

similarly, 

(y - t)(t-^ x-hy F z)i = C 2 , 

and 

(z - t)(t y A z)l ~ ca. 

Hence the solution is 

where 

u =z(t + X + y 

Ex. 2. Solve 

x^ + y^^^ + z<ll^ = xyz. 

By Bz 


118. Geometrical meaning of the linear partial differential 
equation. In Art. 105 it was shown that tho curves whos(‘. 
equations are integrals of 

F~ Q~ R 

are at right angles to the system of surfaces whose equation 
satisfies 

Pdx + Q(hf + lidz = 0. (2) 

Suppose that u = a, v = b 

are any pair of independent integrals of (1). Let a take a par- 
ticular value, say a^. The surface represented by w = aj is 
intersected by the system of surfaces whose equation is v = h, 
in an infinite number of curves, a curve for each one of the 
infinite number of values that b can have. Thus w = repre- 
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sents a locus whicli passes tiirougli, or upon wMcL. lie, curves 
infinite in number, that are orthogonal to the surfaces repre- 
sented by (2).f Therefore, since the general integral of 

Pp + 'Q,q = R (3) 

is an arbitrary function of integrals of equations (1), any 
integral of (3) passes through a system of lines that are 
orthogonal to the surfaces forming the locus of (2) ; and hence 
the surfaces represented by (3) are orthogonal to the surfaces 
represented by (2). 

119. Special methods of solution applicable to certain standard 
forms. There are a few standard forms to which many equa- 
tions are reducible, and which can be integrated by methods 
that are sometimes shorter than the general method which will 
be shown in Art. 123. These forms will now be discussed. 

Standard I. To this standard belong equations that involve 
p and q only ; they have the form 

F{p,q)^0. ( 1 ) 

A solution of this is evidently 

z~ ax A- 0 , 

if a and h be such that JF'(a, 5) = 0 ; that is, solving the last 
equation for h, if h =/(a). The complete integral then is 

z= ax-{- yf{a) + c. (2) 

The general integral is obtained by putting c = <j) («), where 
^ denotes an arbitrary function, and eliminating a between 

z = ax-+yf{a) + 4> (a), 
and 0 =x + yf'{a) + 4>'(cC). 


^ Arts. 119-122 closely follow Forsyth, LiffereMial Equations, Arts. 
191-196. 

t When such surfaces exist. See Arts. 104-106. 
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The singular integral is obtained by eliiniiiatiiig a. ami c lic- 
tween the complete integral (2) and tlm equations formed l)y 
differentiating (2) Avith respect to a and <■ ; that is, between 

z = ax + ?//(«) + 

{) = a: + yf (a), 

0 = 1 ; 

the last equation shows that there is no singular integral. 

Ex. 1. Solve (1) p- -f (f = m'“. 

The solution is z = ax + by + if 4- h- - m-. 

Therefore, the complete solution is 

(2) z =: ax + -- «-?/ 4- 

To find the general integral, put c —/(a); 
then 2 ! = ax •+• Vm- - a- y + f{a ) ; 

differentiate with respect to a, 

Vm- - • a* 

and eliminate a by means of these two (upiations. 

A developable surface is the envelope of a plane whtme equation eon» 
tains only one variable parameter.* Thei’efon*, the general integral in 
this case represents a developable surface. In particular, If c or,f’(a) he 
chosen equal to zero, then the result obtained by eliminat ing a is 

(3) q. 

The complete integral (2) represents a doubly inilnite system of planes ; 
the particular integral obtained by putting v i‘t pud to ztu'o rtqireHentH a 
singly infinite systenqof planes passing through the origin ; and the gen- 
eral integral (3) represents the cone which is tht« envelope of tlje latter 
system of planes. 

Ex. 2. Solve (1) q. ^ zK 

This may be written f 1. Put dA', d\\ 

\zBxI \zdyl X 1/ 

whence X=logx, r=log|/, the equation then 

z 

* See (h Smith, t^olUl (humictry^ Art. 221. 
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becomes 



which comes under Standard 1. 


1, 


From the preceding example the complete integral is 
Z = aX + Y + log c ; 

hence, z = «'•*, which is the complete integral of (1). The singular 

integral is = 0 ; the general integral is to be found in the usual way. 


Fx. 3. Solve 3 — 2 = 4 pg. 

V 

Kx. 4. Solve q = « «. 

Fx. 6. Solve pg = /i;. 


120. Standard II. To this standard belong equations 
analogous to Clairaut/s; they have the form 

«=px-\-qy+J\l),q). (1) 

That the solution is 

• z =: ax ^ hy +/(a, h) (2) 

can easily be verified. This is the complete integral, since 
it contains two arbitrary constants. It represents a doubly 
infinite system of planes.' 

In order to obtain the general integral, put h = <^(a), where 
denotes an arbitrary function ; then 


= ax + y^{a) A-f\a, </>(a) 
differentiate this with respect to a, 

0 = -h y^\a) +/(a), 

and eliminate a between these equations. 

In order to ()l)tain the singular integral, differentiate 
, = ain + hy -f 

with respect to a and h, thereby getting the equations 


0 = a; + 


% 

da 


0 : 


, df. 


and eliminate a and h between these three equations. 


M 
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Ex. 1. Solve z=:px-{- qn + pq. 

The complete integral is 

z~ax-\-hyA ah. 

In order to find the singular integral, differentiate with respect to €t 
and b ; this gives 

0 = X + 

0 = y 4- (e ; 

elimination of a and b by means of these equations gives = —xy. 

The general integral is the a eliminant of 
s = ax 4 yf(a) 4 «/(«), 

0 = X 4 yf(a)+ a/'(a)4/(a)» 
where / denotes an arbitrary function. 

Ex. 2. Solve z = px 4 qy — ^^pq* 


121. Standard III. To tliis standard belong equations that 
do not contain x or y ; they have the form 

F(z,p>,q)^0. (1) 

Put X for X -f ay, where a is an arl)itrary constant, axicl 
assume 

Z=f(x+ ay) =/(X') 
for a trial solution ; then 

_ dz ^ __ (Iz dz 

^ “ dx ‘ dx Tx' ^ ^ dx * ~’oy ax' 

Substitution in (1) gives 



which is an ordinary differential eciuation of the first order. 
The solution of (2) gives an expression of the form 

")> 

<i> (z, a) 

f{z, «) = X + &, 


whence, 

integrating, 
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andhenco, x + ay + h = f (z, a) 

is tlie (* oinpleto integral. 

The general and tlie singular integrals are to be found as 
before. 

This nufhod of solving equations of Standard III. can be 
foriuulaUul in tl'« = 

Substitute, up i'<>r <1, niid cbaiige p to , A' being equal to 

then solve the resulting ordinary differential equation 
between z and X. 


Hx. 1. Solve (1) s'-(ld + (/-* + l): 


: 0=. 


< )n putUug ap for c.liangingp to 
beconiea 


dz 

Jx" 


and separating the variables, (1) 


^/cC^ + 1 • 


zdz 


- = ax. 


Integrating, ^ ^ ’ 

squaring, and suDstituting for Xits value * + ay, 

(2) + 1) (c* - *'•*) = (a-. + ay + hyK 

This is the ooinploto integral of (1), since it contains two independent 

arliitrary constants a and * i 7 ,i 

Differentiate (2) respect to a and l>, and elinnnate a and o ; tin 

results -.2 _ 


wliieli satisfies (1), a"*! solution. 

In order to find a general integral, substitute for // some fuuctic 

and eliminate a from the equation. 

In particular, on putting ^ ^ 

(2) becomes ^ ^ ^ ^^2 _ *2) = (x. - fi + a(y - lOF- 

Differentiation with respect to a gives the equation 

2a(r.^-- =-Ky - fr)!* - A + a()/ - k)}, 
which in virtue of (3) can be put in tho form 

(4) {2: - A + «(!/ - - A) - (y ~ k)] = 0. 
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On eliminating a frnm (.‘1) by nu*ans of tin* first eoinponcnt Cijuation 
of (4), there appears the ecjuation 

r . r- ; 

and on eliminating a by tneaim of the aecond eoinp(»uenl. etpiation, there 
comen 

X-)- f (b) 

The general integral is thun made up of the last two (-(juationH, whicth 
represent two parallel planeH and a nphen^ 41n* |ihun*.s and .sph(*re form 
the envelope of the cylindt'rn reprenented by (Jl). I'hjtiation (b) may also 
be regax'ded as a complete int(‘gral, if h ami k be takt‘n as arbitrai*y con- 
stants. (See Kx. 1, Art. 108 and Art. 112.) 

Kx. 3. wSolve f/-//- = if(r - p.i:). 

This may be written 



and putting dYiov dX for — , (whence Y =: log // and X = log j), 

y 

the latter equation becomt‘s 



which belongs to Standard III. 

Ex. 8. Solve 9(p% ‘b Y) = 4. 

Ex. 4. Solve p(l 4- Y) =: g(z — «). 

Ex. 5. Solve p.3; = I + r/-. 

122. Standard IV. To tluB standard belong equaticHiH t hat 
have the form 

V) ==./I‘0a 7 b (1) 

In some partial differential etpiatioiiH in which the variable 
z does not appear, it happens that the teniis tamtaining p and 
X can be separated from those containing q and ?/; the equation 
then has the form (1). 

Pat each of these ecpial expressions ec|ual to an arbitrary 
constant a, thus, 

J\{;x,p) = it, q) = u; 
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aud solve these ecxiiatious tor jj; and q, thus obtaining 
p = Fi(x, d), q = a). 

lutegratioii of tlie last tw-o equations gives 

,'3 = 1 (C)dx 4- a quantity independent of x, 

and z — J a)(hj -f a quantity independent of y. 

Idiesci are iu(‘.liided in, or are equivalent to 

,'3 = j Fi(x, a) dx +J FoQ/, a)dy + b, 

where b is an arl)itrary constant. 

This is the complete integral, since it contains two arbitrary 
constants ; the general integral and the singular integral, if 
existing, are to be found as before. 

Kx. 1. Solve q - p -}- a: — 2 / = 0. 

Separating q and ?/ from p and x, 

q-y=p-x. 

Write q y =:p -X - a; 

hence p ss oj 4* and g = j/ 4 a ; and therefore the complete integral is 
2.-3= (x 4 (t)'^ 4 ( 2 / 4 «)" 4 ?>• 

'fhere is no singular integral; the general integral is given by the 
elimination of a between 

2 = (x 4 + {y 4 <0'“^ + / W 

and 0 2 (»? 4 «) 4 2 (y 4 «) 4 /' («) , 

/ being an arbitrary function. 

t]x. 2. Solve “» q'^ = - ~ 

Hence •»* x = — y. l*u.t dZ for z'^dz, 

Kx. 3. Solve g = 2 

Kx. 4. Solve Vp 4 \/g = 2a^. 

Ex. 6. Solve p'^ 4 (f = sc 4 2/- 
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123. General method of solution.* It will be remei 
that, in order to solve some of the ordinary differential 
tions of the first order in Arts. 24-29, another diffei 
relation was deduced; and by means of the two diffe 
relations, that were thus at command, the derivativ 
eliminated and a solution obtained. The general met" 
solving partial equations of the first order will be foi 
present some points of analogy to the metliod employed 
articles referred to. 

Take the partial differential equation 

y, P, q) = 0. 

Since z depends upon x and y, it follows that 
dz + 

How if another relation can be found between x, y, 
such as 

f(x, y, z, p, q) = 0, 

then p and q can be eliminated ; for the values of p 
deduced from (1) and (3) can be substituted in (2). 
integral of the ordinary differential equation thus forn 
volving X, y, z, will satisfy the given equation (1) ; i 
values of p and q that will be derived from it are tin 
as the values of p and q in (1). 

A method of finding the needed relation (3) must u 
devised. Assume (3) for the unknown relation between 
p, g, which, in connection with (1), will determine value 
and g that will render (2) integrable. On differentiating ( 
(3) with respect to x and y, the following equations appe 


^ This method, commonly known as Charpit’s method, in wh 
non-linear partial equation is connected with a system of linear o; 
equations, is due partly to Lagrange, but was perfected by Char 
was first fully set forth in a memoir presented by Charpit to th 
Academy of Sciences, June 30, 1784. The author died young, 2 
memoir was never published. 
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dF dF BF Bp 


dx' 


dx 


dz 

dz 


dF dq 
dq dx 


= 0 , 


3jp dx ^ dq dx ^ 


By Bz Bp By Bq By ’ 

df 




t 


-0 

dy dz djy dy dq dy 

The elimination of ^ between the first pair of these equa- 
tions gives ^ 

dx dq) dp dx) ^\dz dp dq) dz) dx\dq dp dp dq) ’ 
and the elimination of ^ between the second pair ^ves 


dy dq dq dy) ^ 


dz dq dq 


Fdf\ dp fdFdf 
g dz)’^ dy\dp dq dq dp) 


On adding the first members of these two equations, the last 
bracketed terms cancel each other, since 


dq __ d-z _ dp ^ 
dx~~ dxdy~' dy^ 


hence, adding and re-arranging, 






^dJl 

dp 


dq) dz 



This is a linear equation of the first order, which the auxil- 
iary function / of equation (3) must satisfy. This form has 
been considered in Art. 117, and its integrals are the integrals 
of 
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_ dp _ dq dz dx 

dx dz dy dz d]) dq dp 

dy df 

dq 


( 5 ) 


Any of the integrals of (5) satisfy (4) ; if such an integral 
involve p or q, it can be taken for the required second relation 
(3). Of course, the simpler the integral involving p or g, or 
both p and q that is derived from (5), the easier will be the 
subsequent labor in finding the solution of (1). 

This method is applicable to all partial differential equations 
of the first order j but it is often better to enquire whether the 
equation to be solved is reducible to one of the standard forms 
discussed in Arts. 119-122. The reduction and the subsequent 
integration by one of the special methods is generally, but not 
always, less laborious than the integration by the general 
method. By applying the general method to the linear equa- 
tion and the standard forms, the integrals obtained in the pre- 
ceding sections are easily obtained.* 


Ex. 1. Solve 
( 1 ) 

Here equations (5) Art. 123 reduce to 

(' 2 ') ^ ^ 

^ 3 pg 2 p 4. (2, _ ~ _j_ 1 + 

The third fraction, hy virtue of the given equation, reduces to 

2pq2 

Prom the first two fractions, there comes, on integration, 

q^ap, 

where a is an arbitrary constant. 

This and the original equation determine the values of p and q ; namely, 

a 


See Forsyth, Differential Equations, Arts. 203-207 ; Johnson, Differ- 
ential Equations, Arts. 288-293. 
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Substitution of these values in 

dz qdij 

dz = + dy'^ 'Jaiz-b)-\, 

wheie tli6 variables are separable j this on integration gives 
2va(i - hj^ = x-\- ay Ah. 

There is no singular solution ; the general solution is obtained in the 
usual way. 

This equation comes under Standard III., and the ratios chosen from 
(2) give the relation q = ap, which is used in the special method. Had 
there been chosen the equation formed by another pair of ratios from 
(2), say from 

dq __ d.c 
+ l’ 

another complete integral would have been obtained ; namely, 

Kx. 2 . Solve js by the general method. 

Ex. 3. Solve (p2 - 1 - q^)i/z= qz. 

Ex. 4 . Solve the linear equation and the standard forms by the general 
m'^thod. 

Partial Differential Equations of the Second 
AND Higher Orders. 

124. Partial equations of the second order. In this and the 
follow’ing articles,* a few of the simplest forms of partial dif- 
ferential equations of the second order will be briefly consid- 
ered; hardly more will be done, however, than to indicate the 
methods of obtaining their solutions. Some of these equations 
are of the highest importance in physical investigations. 

In what follows, z being the dependent variable, and a? and y 
th.e independent, r, 5, t will denote the second derivatives : 

^ In connection with these articles read the introductory chapter of 
W. E. Byerly, Fourier's Series and Spherical Harmonics. 
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_ ^ ^ , 

0ar’ 6a; dy 6?/“ 

There will be discussed linear equations only ; that is 
tions of the first degree in r, s, t, which are thus of the f 

Er -[-Ss+Tt=^V, 

where R, S, T, V are functions of y, z, p, q. The co: 
solutions of these equations will contain two arbitrary 
tions.* In Art. 125 will be given some examples of eqi 
that are readily integrable, the special method of s< 
necessary being easily seen; and in Art. 126 will be 
a general method of solution. 

125. Examples readily solvable. It is to be remembere 
X and y, being independent, are constant with regard t< 
other in integration and differentiation. 

Ex. 1. Solve -^ = 2 + a. 
b^dy y 

■Writing it ^ = 

dy y 

integration with regard to y gives 

p = x\ogy + ay + 0i(x), 

the constant with regard to y being possibly a function of x. 
Integrating the last equation with regard to x gives 

2 = log y H- ay -1- 01 (x)}dx, 

~~^ogy A- axy + ci>(x) +00/), 

the constant with regard to x being possibly a function of y. 

Ex. 2 . So\v^ -I- ^ / (2C) = F(y ) . 

dxdy 

Eewrite it, ^ + pf(x) = FQj ) . 


* See Art. 109 , Ex. 6. 
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This equation is linear in p, and x is constant with regard to y ; hence 
integration gives 

p = + 0(a:)] ; 

and integration of this with regard to x gives 

3=11 e"VAx)|^ J eyn-)Fiy)dy + ^(a:)] | dirt + f(y). 

Ex. 3. ar = xy. 

Ex. 4. a:r = (?i — 1)^. 

126. General method of solving Rr -Jr Ss Tt=^ V. On writ- 
ing the total differentials of p and q, 

dp ~ rdx -f- sdy, 
dq sdx~\- 1 dy. 

the elimination of r and t by means of these from the given 
equation, 

Rr + Ss+Tt==V, ^ ( 1 ) 

gives (R dp dy+Tdq dx —Vdxdy)—s{R dy^ —Sdxdy^ Tda?) = 0. 

If any relation between x, y, p, q will make each of the 
bracketed expressions vanish, this relation will satisfy (1). 

From R dy^ — S dxdy Tdxr = 0 1 

Rdpdy -f- Tdqdx — Vdxdy = 0 j 

and dz =1 pdx q dy, 

it may be possible to derive either one or two relations between 
V) h Ih Q called intermediary integrals, and therefrom to 
deduce the general solution of (1). For an investigation of 
the conditions under which this equation admits an interme- 
diary integral, and for the deduction of the way of finding the 

^ These are called Monge’s equations, after Gaspard Monge (1746-1818), 
the inventor of descriptive geometry, who tried to integrate equations of 
the form i2r + >S's -f TC = 0, in 1784, and succeeded in some simple cases. 
The method of this article is also called by his name. 
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general integral see Forsyth, Dfjjrreufial Arts. 228-»- 

239. The Kstatenient of the method of solution (U*riv(Hl from 
this investigation is contained in the following rule: 

Form first the e(|uation 

Hdr - >S(lcihf 4* 7V//“ 9, (3) 

and resolve it, supposing the first nuunher not a eomplete. 
square, into the two e(|uations 

(li/ — niidx = 9, df/ -- w.jLr i - 9. (4) 

From the first of these, and from tlu^ (‘(pint ion 

H dp dtj “f Tdq dx 1 h/.r d//, (o) 

combined if necessary with dz^- pdx ([dif, obtain two int<*- 
gi'als Ux = a, Vx = b ; then 

/q rs /i (ej), 

where /i is an arbitrary function, is an internuMliary integral. 

From the second of the equations (4), in the same way, 
obtain another pair of integrals, tq — n, 'Cji b ; then 

is another intermediary integral, being arbitrary 
To deduc?e the final integral, eithcu’ of these intermediary 
integrals may be integratetl; and this must be tlone when 
mi = mg. When vix and m,g are. nrnujual, the two intermediate 
integrals are solved for p and < 7 , and thtdr value's sulmtituted in 

dz = p dx + q f///, 

wlu(}h, when integrated, gives th<^ eomplete integral 

Kx, 1 . Solve r — aH — 0 . ('fills eiiuatlon is solved hy another iiietluid 
hi Art. 128.) 

Here the subsidiary equations (4) and (f>) ani 

(1) ily 4 (t (lx r: 0, (hj a dx ^ 0, 

(2) dp dy — dq ^ H 
y + ax 2K Cl, y ax — cg. 


Hence 
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Combining Uio iirat of G<iuat.ions (1) with (2), 

dp 4- adq r~ 0, wlieiuso p 4 aq — rb =: 4 ax); 

combining the second of (1) with (2), 

dp — adq = 0, whence p — aq u= c'o = i^ 2 ( 2 / — «5C)- 
From the last two integrals 

P - + ax) + I<\{y - ar.)], 

and q — ]- [l'\iy + ax.) — /'\(y — nx)]. 

At a 


Substitution of these values of jp and q in d.v :=2-)dx 4 qdff, gives, on re- 
arranging t(n'ms, 

d:^ = [ El (if ~|. ax) (dif 4 d dx) — .E>(y — ax) (dy - a dx)], 

whi(di is exact. Integration gives 

z 0(?/ 4 ax) 4 i'^y - ax). 

The equation in this exampl(‘, = 0, is a very impoxtant one 

in mathematical physics. Tt is called the equation of vibrating cords, 
sometimes D’Alembert’s ecpiation, from the name of the geometer who 
first integrated it in 1747.* It appears in considering the vibrations of a 
stretched elastic, string, t being the time, y being measured along the 
string, and n being the small transversal displacumient of any i)oint. 
This equation also gives the law of small oscdllations in a thin tube of air, 
for instance, in an organ-pipe. The functions 0 and 0 that appear in the 
general solution are to be determined from the given initial conditions. 


Ex. 2. ps — qr =: 0. Ex. 8. 'x!h 4 2 xys 4 ifH ^ 0. 

% ft- ■" ^ ^ •' X 14 

127. The general linear partial equation of axj§ order higher 
than the first. A partial differential ecpiation, wliich ivS linear 
with respect to the dependent variable and its derivatives, is 
of the form 


A A 


4 . 4 . i 4 . n 4 

+ ■•• + A, 3.74 + - 


+ M + F if- + Pz :=f(x, !/), (1.) 

dx df/ 


* Jean-le-Rond l)’Alembei*t (1717-1788), wlio first announced in 1748 
the principle in dynamics that be‘ars bis name, was one of the pioneers 
in the study of differential equations. 



174 


DIFFUBMNTIAL EQUATIONS. 


[Ch. XII. 


where the coefficients are constants or functions of x and v. 

d d ^ 

On putting D for — and D' for , this may be written 
dx oy 

(A,D^ + A,D-~^D’ + ••• 4* + - + mb 4- iVD' 4- P) z 

=/(») y)> ( 2 ) 

or briefly, F (D, D’)z=f(x,y). (3) 

As in the case of linear equations between two variables 
(see Art. 49), the complete solution consists of two parts, the 
complementary function and the particular integral, the comple- 
mentary function being the solution of 

F{D,B^z = i). ( 4 ) 

Also, — z = Zo, •••, 2 : = be solutions of (4), 

^ Z — CiZi-\- C^2-\ h 

is also a solution. 

Other analogies between linear partial and linear ordinary 
equations, especially in methods of solving, will be observed 
in the following articles. 

12 a The homogeneous equation with constant coefficients ; the 
complementary function. All the derivatives appearing in this 
equation are of the same order, and it is of the form 

(AD" 4 z=f{x, y). (1) 

If it be assumed that z= <f>(y -i- mx), differentiation will 
show that 

Bz = (y + mx), D^z = (p 4- mcc), D''^z = (y 4- mx). 
and, in general, that 

B^B^'z = (y 4- 

Therefore, the substitution of ^ (y 4- mx) for z in the first mem- 
ber of (1) gives (A^" + Ai7n”“^ H h A) (v + This 

is zero, and consequently, (y 4- mx) is a part of the comple- 
mentary function if m is a root of 
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Aom^ + . . . 4 . _ 0 , ( 2 ) 

lich may be called the auxiliary equation. 

Suppose that the n roots of (2) are •••, then the 

mplenientary function of (1) is 


+ ^la:) + ch2(y + + ”• + <^>„(2/ + 


tiere the functions </> are arbitrary. The factors of the co- 
acient of in (1) corresponding to these roots are D — mil)', 
— D — and these are easily shown to be 

mmutative. (Compare Arts. 50, 54.) 

Since (y) = (1 + mxD' + ^ D'-+—)<j> (y), 

2 1 


= <^ (y) + mxchXy) + V(y) + • 




.e part of the C 
ritten 


= <^(y + ma^, rrorr, 

!.F. corresponding to a root m of (2) may be 




Ex. 1. 


^2 5-^ — 




- 0. (See Ex. 1, Art. 126.) 


Here (2) is = 0, whence m has the values 4- a, — a. Hence 

e solution is ;s = </>(?/ + ax) + — ax). 


Ex. 2. Find the C.F. of 3-^ -I- 2^ = a: + y. 

5*2 dxdy dy^ 

Ex. 3. Find the C.F. of ^ 6 ^ = a;«. 

dx^ dxdy dy^ 


129. Solution when the auxiliary equation has repeated or 
laginary roots- As in the case of equations between two 
iriables (see Arts. 51, 52), further investigation is required 
hen the roots of (2) Art. 128 are multiple or imaginary. 

The equation corresponding to two repeated roots m is 

(D — mD')(D mD') z = -0. 

a putting V for (D — onD') z, this becomes (D — mD^) v = 0,oi 
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which the solution is v == <^ (?/ + mx). Hence 
(D — mD') 2: == <^ (y + mx). 

The Lagrangean equations of this linear equatic 
^__dy dz 


order are 


m ^ (y 4- mx) 


The integrals of these equations are yA-mx = a, 2 
and hence, z — x 4 > (y + 77ix) +il/(y + mx). 


By proceeding in this way it can be shown tha 
7)1 is repeated r times, the corresponding part oi 
mentary function is 

^^■'^<^i(y 4-ma?) +a;’'--<?!>2(y +ma5) H \-X(f>,^i{y+mx) 


When the roots of (2) Art. 128 are imaginai 
spending part of the solution can be made to take 

Ex. ^_3-^-f.3^?£--^ = 0. 

dxi-dy dxdy'^ dy^ 


130 . The particular integral. Equation (1) A: 
expressed by F{D, D')z = 9 !) {x, y), the particular 

be denoted by 6 (x, if), V beir 

^ F{D, F(D, D’) 

that function which gives V when it is opera 
F(Dj D'). (Compare Art. 57.) 

By Art. 128, 


F{D, D') 


ct>(x, y)-. 


D — niiD' D — moU D — 


It is easily shown that it follows from the 
F{JJ I)') these factors are commutative. 

indicated. For 1 


* See Johnson, Differential Eqnatio?is, Art. 319 ; Merrir 
ward, myher Jfathematics, Chap. VII., Art. 26. 
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it is first necessary to evaluate (D — mlP) (a;, y), From the 
latter part of Art. 128 it follows that 

e- (x, y) = <l>(Xjy- mx ) ; 

therefore, (cc, y) = Dcl> (oj, y ~ mx). 

Direct differentiation shows that 

De (x, y) = — mD^)<j> (x, y). 

From ecpiating the second members of the last two equa- 
tions, and operating upon these members with it follows 
that 

■ ci\ (I) — (x, y) = e""^^'Dcl> (x, y — mx), 

Idiat a similar formula 

holds true for the inverse operator is easily verified. For, 
the application of I) -- ml)' to both sides of (2) gives 

<#> (‘^’j y) — (a:, y — mx), 

= Q) — {x, y), 

on putting \p{x, y) for y4>(x, y — 7nx)] and, therefore, by 
Art. 128, 

^ ^ y) == (x, y -f m,x). 

But the second member of the last equation is also the result 
that would be obtained by putting y -\-mx for y in D\p(x, y) 
after the differentiation had been performed ; aiul this would 
be ^(a:, y) from the definition of given above. Heiu'.c 

y— — — {x, y) can be evaluated by the following rule, which 

is tlie verbal expression of (2) : form the function ^{x,y — mx), 
integrate this with respect to x, and in the integral obtained, 
change y into y 4- mx, -4 
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The value of the second member of (1) is obtaii 
applying the operations* indicated by the factors, in succ 
beginning at the right. Methods shorter than this ^ 
method can be employed in certain cases, which are r 
to and exemplified in Art. 132. Ex. 2 also shows such 


Ex. 1. Find the particular integral of Ex. 2, Art. 128. 
The particular integral 


- ± (x 4- v') = ^ . = — ( 

' ‘3 DD' + 2 ^ D-^D> 


''l)+2D'^ *"^(2a:+2/) j5^2Z»' 


(x^+X‘y-x) = 


D+2 


= 05(2, + 2 X) = + 1 (j, - 2 *) = ^ - 1. ■ 


Ex. 3. Evaluate ^ — —(p(ax + by). In this case a short 

F(D, jDO ^ 


can be used in finding the integral. 

Since F(Z>, Z>0 = and ^i>(ax + by) = K and conse 

i that 


F(^^^4>(ax 4- W = follows ’ 


F(l), DO 


</)(ax + &y) = 9i(ax 4-6y) = ^— ^Ta 


\D 


) 




4- hj) (dx)«- 

\a) 


When - is a root of jP = 0, then — 

+ d)(d»:)"-i; tli: 


the integral Is - 


) "(f-D- 


expression can be evaluated by the general rule. 


Ex. 3. Eind the particular integral of 

dx‘^ dy’^ 


Ex. 4. Eind the particular integral of Ex. 3, Art. 128. 
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131. Tlie non-homogeneous equation with constant coefficients 
the complementary function. In order to find the complement- 
ary function of (3) Art. 127, that is, the solution of 

F(D,D^)z==0, (1) 

first assume (This procedure is like that of Art. 

r>().) The substitution of this value of in F(D,D')z gives 
cF(hfk)e^'^’^^K This is zero if 

= ( 2 ) 

and then z = ce'**® is a part of the complementaiy function. 
The solution of (2) for k will give values /i(7i),/2(7i), • ••,/,(7i), if 
is of degree r in (1). The part of the solution of (1) corre- 
sponding to A;=/i(7i) is 2 indicating the infinite 

series obtained by giving c and h all possible arbitrary values ; 
hence the general solution corresponding to all the values of k is 

a: = A- ^ ^ 

This solution can be put in a simpler form when f(Ji) is 
linear in 7i, that is, when k = ah -h 7^. . In particular this is true 
of the homogeneous equation, which is, of course, a special 
case of (1). Exs. 2, 3 illustrate these remarks. Equally well 
may (2) be solved for h in terms of k, and another form of the 
solution will be obtained, as in Exs. 1, 2. 

Ex.X. = 

dx^ dif 

Here (2) is — A:- = 0, whence ^' = and thus the solution is 
where c and h are arbitrary. Particular integrals are 
obtained by giving h particular values; for example, the values 1, 5, | 
for 7i give the particular solutions z = z = ^ 

If equation (2) be solved for 7i, the particular integral is 

Ex. 2. 2 4- 6 ^ + 3 ^ = 0. 

dx^ Bx By By'^ Bx By 4 

Here (2) is 2 1i^ — 7i^^ — -t- 6 7i -h 3 A; = 0, where the values of k are 

— 2 7i, 7t -1- 3 ; hence 

z = = scie^t* 4- 
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Since each of these series consists of terms having arhitrar 
and exponents, it can he represented by an arbitrary funct 
queutly the solution can be represented by 


0 =r (f)(x -2 2 /) + e^y\p(x + y). 

The equation above might have been solved for the ^ 

- A: - 3. Hence, 

2 

4 = Scie‘(*'“D + 2e«^+j')-3^=0^2/ -|^ + e-^f(x 4 
is another way in which the solution may be written. 


Ex. 3. Solve Ex. 1, Art. 128 by this method. Here the va 
ak^ — akj and hence 

2 = 0(2/ + ax) + 0(2/ - q 


Ex. 4. 


Pind the complementary function of 


5% 


3 q. 3 =r 4 . gx+2y. 

dx By 


Ex. 5. Pind the complementary function of 

, B^ 

Bx^ 

Ex. 6. Pind the complementary function of 


. . +^-5;=:cos(x + 2 2/) + ey. 
dx By By 


B!e 

Bx^ 


B‘^z . B^ . 
Bt Bx 



zzz — x^y. 


132 . The particular integral. The particular inte+ 
obtained in certain cases by methods analogous to th 
in Arts. 60-64. It is easily shown, by the metho 

in Arts. 60-62, that 1 — ^ax-^iy 

F{D, D') F(a, b) 


F{D% DB\ DJ 


sin (ax A- by) = ■ 


F( — a-, —ah, —b^) 

and similarly for the cosine; and 'that ^ 


Sll 


F(D, D') 

evaluated by operating upon x^'y^ with \_F(D, 2)')]” 
in ascending |>owers of D and D'.* 


* Pdr a full discussion, see Johnson, Diferential Equations 
334. 
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32.] 


H.\. 1. 


t “ 12 ' S + ^ I = + Biu (2 . + y) + X,. 


dtc^ dor^ dy dn‘ 
rhc coinplcinentary amction, found by Art. 131, is 
<^(y - a0+ er *-i^\p(2X’^ y). 


I'he particular integral is 
1 


s^e'2x+iiv 4. sin (2 rr, + ?/) + xy}. 


IP JJD’ 2 + 2 + 2 D' 

, Ij: 

IP - I)D' - 2 D>- + 2 Z> 4- 2 IP ' 10 ' 


1 


IP ■ P IP - 2 m 2 I) + 2 IP 


sin(2a;+ tj) 


: — — sin (2 X + y) = i — - — sin (2 x + y) 

- ... ^'^^"5 (2 X + y ) 




xy : 


1 


IP - DIP 2 IP'^ + 2D + 2 IP I) + D' i> - 2 Z)' 4- 2 

1 1 ^ / 1 .. ^LzlUL ,^(JLzlJDl\o:y 

2 1) .4 I)^\ 2 4 ) 


■ xy. 


•1 


2 1) + IP 


(xy --- \ y + x- 1) 




1 ) 


= ?-((!xy - 0;/ - 2x“ + S)x - 12). 

24 

rherefore, the general solution is 

z ^ <p(jj — x)+ e™^*i^(2 X -h y) — — ^^cos(2 x + y) 

4- A((} xy ^Qy^2x^ -I- 9 X - 12) . 

l<)x. 2. Solve Exs. 1, 3, 4, Art. 130, by the shorter methods. 
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133. Transformation of equations. The linear partial differ- 
ential equation with variable coefficients, like the linear equa- 
tion between two variables, may sometimes be transformable 
into one having constant coefficients. In particular, an equa- 
tion in which the coefficient of any derivative is of a degree 
in the independent variables equal to the number indicating 
the order of the derivative, is thus reducible. This is illus- 
trated by Ex. 1. (Compare Arts. 65, 71.) 


Ex. 1. *2 






dy^ 


dy 




^ = 0.y 


On assuming = log x, v = log y, the equation takes the form 
du^ dv^ 

of which the solution is 2 = <p(u -i- v) ^ ^(u — v). 

The substitution of the values of n, v, gives 


«! = .^(log(x 2 /))-t- =/(*y) + ^ (^} 


Ex. 2. * 2 - yx4 + + = 

5*2 " dxdy dy 

Ex. 3 . 




1 1 

x^ dx y‘^ dy^ y^ dy 


M X 


134* Laplace’s equation: v"^ = equation 

dx~ dif dz^ ^ 
usually written V“^ = 


(1) 


and commonly known as Laplace’s f equation, is one of tlie 
equations most frequently met in investigations in applied 
mathematics, appearing, as it does, in discussions on mechan- 
ics, sound, electricity, heat, etc,, especially where the theory of 
potential is involved. 


* Arts. 134, 135, 136, are merely notes. 

t Because it was first given, in 1782, by Pierre Simeon Laplace (1749- 
1827), one of the greatest of French mathematicians. 
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Tor instance, if V be the iTewtonian potential due to an 
attracting mass, at any point P(x, y, z) not forming a part of 
the mass itself, V satisfies (1) ; * again, if V be the electric 
potential at any point (a;, y, z) where the electrical density is 
zero, V satisfies (1) ; t to give one more instance, if a body 
be in a state of equilibrium as to temperature, v being the 

temperature at any point, ^ = 0, and v satisfies (1). y, z) 

denote any value of v that satisfies (1), / (x, y,z) = c in the first 
two instances is called an equipotential surface, and in the 
third an isothermal surface. 

On changing to spherical co-ordinates by the transformation 


(1) becomes $ 


X = 7* sin 0 cos <l>, 
y = r sin 0 
2 ; = r cos Of 






JL i ^ 4_ ^ ^ §2 4. 1 _ Q 

r“ dO^ r dr 7 ^ dO r^ sin^ 0 d<l>^ ^ 


which may be written 


Ill/ 


f ^ "( 

f . ^ dv\ 
sin 0 — 

1 + -^./i 



^ Sr] 

sin 0 dO ' 

, dOj 

' sin"(9 



and if fx = cos 0, it will take the form 




d7^ dfx 




1 d^-v 




=0. 


1 — fjr d<j>^ 


(3) 


(4) 


The subject of Spherical Harmonics is in part concerned with 


* B. 0. Peirce, Newtonian Potential Function^ Art. 28 ; Thomson and 
Tait, Natural Philosophy, Art. 491. 

t W. T. A. Emtage, Mathematical Theory of Electricity and Magnet- 
ism, p. 14. 

t Todhunter, Differential Calculus, Art. 207 ; Williamson, Differential 
Calculus, Art. 323 ; Edwards, Differential Calculus, Art. 632. The equa- 
tion as given by Laplace was in the form (2). 
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the development of functions that will satisfy this equation * 
A- homogeneous rational integral algebraic function of y, z 
of the ?ith degree, that is, a function of the form r”/(^, <f>) in 
spherical co-ordinates, which is a value of v satisfying (1), is 
called a solid spherical harmonic of the ?^th degree ; and/((9, 4 I) 
is called a surface spherical harmonic of the 7^th degree. Spher- 
ical harmonics are also known as Laplace’s coefficients.t 
If V be independent of </>, (3) reduces to 



+ 


1 d 
sin 6 dO 



( 6 ) 


On putting v = r”P, where P is a function of 6 only, and 
changing the independent variable 0 by means of the relation 
= cos Oj (5) becomes 

+ «(« + 1)-P = 0, (6) 

which is Legendre’s equation. Art. 83. A function that satis- 
fies (6) or (5) is called a surface zqyial harmonic. A particular 
class of zonal harmonics is also known as Legendrean coeffi- 
cients, t For a treatment of spherical harmonics, see Byerly, 
FourieFs Series and Spherical Harmonics, Chap. VI., pp. 195- 
218; and of zonal harmonics, see the same work. Chap. V., 
pp. 144-194. 

In special cases (1) and its solution assume simple forms ; 
two of these will now be shown. 


^ See Williamson, Differential Calculus, Chap. XXIII. , Arts. 332- 
337 ; Edwards, Differential Calculus, Art. 189 ; Lamb, IIydrodrjna 7 nics, 
Ed. 1895, Arts. 82-85 ; Byerly, Fourier's Series and Spherical Har- 
monics. 

t So called after Laplace, who employed them in determining Y in a 
paper bearing the date 1782. 

X After Legendre, who first introduced them in a paper published in 
1785. Legendre’s work in this subject, however, was done before that of 
Laplace (Byerly, Fourier's Series and SplieHcal Harmonics, Chap. IX., 
p. 267). See Ex. 5, Art. 82. 
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135 . Special cases. In the first instance given in Art. 134, 
suppose that tlie attracting mass is a sphere composed of con- 
centric shells, each of uniform density. Here v obviously 
depends only upon the distance of the point P from the centre 
of the sphere, and hence (2) Art. 134 reduces to 


^ , 2 A 
T dr ’ 


which on integration gives 


r 


( 1 ) 

( 2 ) 


Equation (1), in which v depends upon r alone, can be 
obtained directly from (1) Art. 134 ’ by means of the relation 
== For, 


dx dr dx r dr 


dx^ r dr r* dr dP ’ 


and on finding similar values for and adding, there 

results (1). 

For the discussion and integration of (1) from the point of 
view of mechanics, see Thomson and Tait, Natural Philosophy^ 
Vol. I., Part II., p. 35. 

If the point P in the second instance of Art. 134 be outside 
of a uniformly electrified sphere and at a distance r from 


the centre, obviously 


— = 0 and ^ = 0 ; and equations (1) 
d<j> du 


and (2) follow as before. For the interpretation and applica- 
tion of this result, from the point of view of electricity, see 
Emtage, Mathematical Theory of Electricity and Magnetismj 
pp. 14, 35, 37. 

Again, suppose that the attracting body in the first instance 
in Art. 134 is made up of infinitely long co-axial cylindrical 
shells, each of uniform density, the 2 ;-axis being the common 
axis of the cylinder ; or, that in the second instance P is a point 
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outside an infinitely long conducting cylinder uniformly 
charged with electricity, the 2 ;-axis being the axis of the 
cylinder. Since in these cases v depends only upon the dis- 
tance from the axis of the cylinder, that is, upon (1) 


Art. 134 reduces to 


dr 


which on integration gives 

V =:^log~; 

r 


or r = C — A log ' 


For discussion of these and other special cases, see the 
works referred to in the former part of this article, and also 
B. 0. Peirce, Newtonian Potential Function. 


136. Poisson’s equation; If in (1) Art. 134 

the second member be — 47rp, p being a function of y, z, then 
there appears the equation 


dx^ dy^ 


A 

+ ^ = -irp, 


( 1 ) 


which is known as Poisson’s equation.* An example of its 
occurrence is the following : f If p be the density of matter 
at the point (a;, y, z) in the first instance in Art. 134, equation 
(1) Art. 134 takes the above form. In the case of the sphere 
described in Art. 135, the equation becomes 


d'V . 2 dv . 


and the first integral is 


1-2 ^ = - 4 TT rp9-dr = -M, 

dr Jo 


where M denotes the whole amount of matter within the 
spherical surface of radius r. In the case of the co-axial 
cylinders, the equation becomes 


* So called from Sim6on Denis Poisson (1781-1840), who thus extended 
Laplace’s equation. 

t See Thomson and Tait, Natural Philosophy^ Art. 491. 
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MISCELLANEOUS NOTES. 


NOTE A. 


A system of ordinary differential equations, of which a part or all i 
of an order higher than the first, can be reduced to a system of equation 
of the first order. 

Take the single differential equation of order n 


A 


■( ... y a.\-o 

Vda:”’ dx’'-’-’ ' dx^' } 


(1 


■/]£ = „, &- 


andput- = ,, 


^2. 




the following system of n equations of the first order, 

iy 

(lx 
dyi 


Then (1) can be replaced b; 


■■Vu 




= ’^2, 


d ?/„.-2 . 
(lx 


■ i/n— 1) 


, Vv y, a;^ = 0. 

Again, suppose that there are two simultaneous equations, 

fJr 71 ^y ^ ^ 

\ ’ ’ cte’ ’ dx’ dx'^J 


fjx V ^ ^ z 

\ ’ dx’ dx^’ dx^’ ’ dx dx^j 

dz 


On putting ^ : 

dx 


dhf 


zu these two equations can b 
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differential equations. 


replaced by the following equivalent system of equations of the first 
order : 

ax 

^-v 

-r— — y-ii 

dx 


dz 

dx 


:Zu 


J\ 2/lf 2/2, 


dyi , 

.. dzt^ 

1 = 0, 

dx' 

dx j 


dyo 


1 = 0. 

dx' 

dx j 



It is evident that any system of ordinary differential equations can be 
reduced in this manner to another equivalent system, where there will 
appear only derivatives of the first order. 


NOTE B. 


[This Note is supplementary to Art. 1.] 
The Existence Theorem. 


Following is a proof of the existence of an integral of an equation of 
the first order.* 

Suppose that the differential equation <}{»(?/', y, x) = 0, where y’ stands 


for - is put in the form 
dx 


f =f(x, y), 


( 1 ) 


which is always possible. This proof is limited to the case where / (a;, y) 
is a function which can be represented by a power-series t 

Co + aix + a2y -f- H- a^xy + a^y^ + ... + atx^y'^ H , 

in which the a’s are all known, since f(x, y) is known, and which con- 
verges for |2/!<^, say. (The symbol |£c| denotes the numerical 

value of X . ) 


* This proof is taken from notes of a course on differential equations 
given by Professor David Hilbert at Gottingen. 

t This is by far the most important case, since in the higher mathe- 
matics such functions are almost exclusively dealt with, and in applied 
mathematics they are universally used for approximations. 
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It is to be shown that there is a convergent series 

?/ = ao + aia; + 02^:2 H- ••• ( 2 ) 

which identically satisfies 

?/' =/(», y)= ao + aix + a^y + -h a^xy + ^ ... 

+ + (3) 

and whicli also satisfies a given initial condition, say, that y — ijo when 

X = Xo.* 

That ?/ = 0 when x = 0 may be taken for the initial condition without 
any loss of generality. Tor, on substituting xi -f xo for x and 2/1 + 2/0 for 
y in (1), it becomes 

2/i' = 0(a:b 2 / 1 ); (4) 

and it IS evident that for 

yi = ao' + cL\'x + ao'x^ -f ... 

to identically satisfy (4) and the initial condition that = 0 when xi = 0, 
is the same thing as for (2) to satisfy (3) and the initial condition that 
2^ = yo when x = xq. Hence the initial condition may be taken in this 
form at the beginning; and for this it is both necessary and sufficient 
that ao in (2) be zero. 

It will now be shown 

(а) that there is one and only one series, 

y — aiX + aoX^ (5) 

which satisfies (3) identically; and 

(б) that within certain limits for x this series is convergent. 

On transforming the series in (3), which has been supposed conver- 
gent for |xl<r, by putting x = rxi, y = equation (3) takes the 

form 

y' =/(?’Xi, tyi) = ao' 4- ai'xi -f a^hji -f 4 4 •••• 

The second member of this equation is a convergent series, and con- 
verges when xi = 2/1 =1 ; and, therefore, ao' + 4 « 2 ' 4 ••• converges, 

'riiis shows that the absolute value of each a' is not larger than a certain 
finite quantity say. The substitution just made for x and y does not 
make any essential change in the problem, and hence it might have been 
assumed at first that the a’s of (3) were each not greater than A. In 
what follows the a’s are accordingly regarded as not greater than A. 


^ If an initial condition be not made, then an infinite number of series 
can be found which will satisfy (3). 
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If (5) satisfies (3), the value of y and y' derived from (5), when sub- 
stituted in (3), must make the latter an identity; and, therefore, 
ai -f- 2 CI2X -f- 3 . 

= ao + ctiOO' + a2(aiX + aox^ H — ) 4- asx^ -f a 4 x(aix 4- cl^x^ 4- 

4- a5(aiX 4- 4- ..•)2+ ... 

is an identical equation. Hence 

ai = ao ; 2 aa = ai 4- whence ao = ; 3 as = as 4^ aoao 4- 

whence as = as 4- ^(^1 + ^2«o) 4- U4«o ; and similarly for 04, a^, .... It 

evident that all the a’s can be determined as rational integral functions 
of the a’s ; and it is also to be noticed that all the numerical coefficients 
in the expressions for the a’s are positive; and, therefore, the a^s 'ivill 
not he diminished if each of the a''s is replaced hy A. 

From the method of derivation it is evident that (5) with the a’s de- 
termined as above identically satisfies (3). It has still to be determined 
whether this series is convergent. 

On replacing each of the a’s in (3) by a quantity not less than nny 
one of the a’s, there results 

y' = ^(1 4- ic 4- 2/ 4- x2 4- xy 4- 4- -\-,xhj -f ...). (O) 

The integral of this equation is found by replacing each of the a’s tiliat 
occur in the expressions for the a’s of (5) by A. None of these Intter 
coefficients are diminished by changing each of the a’s to A., as poiiated 
out above ; hence, if the integral of (6) is convergent, the integral of ( 3) 
is also. 

Now solve (6) directly. On factoring the second member, the equation 
becomes 

2/' = ^(1 4- a 4- 4- ...)(1 q. y 4. 2^2'.| 

-A— — 

1 1 - 2^ 

Therefore, (1 — y)dy = A — ; 

I —X 

whence, on integration, y — ly^ = — A log(l — cc) 4- ci. 

Therefore, y = 1 ±\_2 A log(l — x) 4- c 4- 1] 

Here c must be determined, so that the initial condition be satisfied, 
namely, that ?/ = 0 when x = 0 ; therefore 

0 = 1 ±Vc4- 1. 

Hence the square root must have the minus sign, and c must be zero. 
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'I'lirn'forc, 

1 - 1 1 I ‘J /llofitl . x)J^ 1 _j 1 + + (7) 

7'“ J*'* 

I'ho HcrifH .r f 1 1 ... couvergeH for lx|< 1 ; tho Hquare root 

/ X'^ O'''* \ 

of I . ii .If X 1' f’ ••• j convorges for |xl<l; and hence the value 

of y in (7) In linile ; and, therefore, the value of y in (5) is Unite for x 
within etutain limits, 

Not('. A h1u>vv(h 1 that an (‘quatlon of order 71 can he replaced by a sys- 
tmn of n HinudtaiuHmH I'qiiations of tlie first order, eacli containing an 
unknown fumdhm to lie found. In the ease of the tuiuation of order 71 , 
the proof of Uu^ exiHUmee of integrals is made for this equivalent sys- 
tcmi inHt(‘ad of for the single equation of tho wth order; the proof can 
bo <'arri(*d through in much the same way."**^ 

Tile nu'.thod of proof given above is known as “the Power-Series 
method.” 

Historical Note.t — Augustin Louis Cauchy (1789-1867) of Paris, who 
was one of the Unidcrs in inHlstlngon rigorous demonstrations in mathe- 
matical amtlysis, gave the two first proofs of the existence theorem for 
ordinary difbu't'utlal tHpialions. The first proof was given for real vari- 
ables in lH2d in his lectures at the Polytechnic School in Paris; the 
H(*cond was given in 1885 for complex variabl<‘H in a lithographed memoir. 
He was also the first who proved the existence of integrals of a partial 
dirfenmtial equation, Tim first of the two proofs was published iu 
Moigno’s (biUndus in IB*14 ; this may be called “ the method of difference 
ctpiations”; it has b(*cu developed and simplified by Gilbert in Franco 
and Lipsc’hilz iu Germany. In his second method Cauchy employed 
wliat h(^ called “ the Calcidus of limits.” This method has been developed 
by Briot and BoiupK^t, and Milray iu France, and Weierstraas (1816-1897) 
in Germany, ('Flui proof given above follows Welerstrass^ exposition of 
(^auc.hy’s Hctuuul proof.) A new proof, that by “the method of succes- 
sive approximations,” was given by Simile Picard of Paris in 1890.1: 


^ r.eo Kocnigsberger, Theorie. drr DifereiUialgleidmiigen (liCipzig, 
IB«9), p. 27. 

\ For many historical notes and referem‘.ea relating to the existence 
theorem see Mansion, Theorie der panieXleyi IXifferentialyleichungenf 
pp. 20-29. 

I Fiu* an KngllHh translation of this proof made by Professor T. S. 
Fiske, see BnUetin lY. V. Math. Soc., Vol. 1. (1891-1892), pp. 12-lC. 
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In the Traite d' Analyse of E. Picard, t. IT., pp. 291-318, will be 
besides the author’s own proof just mentioned, Cauchy’s first and 
proofs, the latter as modified by Briot ^and Bouquet ; and I 
Kowalevsky’s proofs of the existence of integrals of a system of 
differential equations. (A knowledge of the theory of functioi 
complex variable is necessary for the reading of some of these pr( 


'fNOT:& c. 


[This Note is supplementary to Art. 3.] 


The complete solution of a differential equation of the nth on 
tains n arbitrary independent constants. 

Let 2/', 2/'', ••• denote the first, second, ••• derivatives of y with 
to ic, and 2/(0), 2/^(0), 2/^^C0)j ••• denote the values of y, y', y", . 
a = 0. First, let an equation of the first order be considere 
suppose that the solution of 

y, X) = 0, 

when expanded in ascending powers of x is 
y = c + Ci« + 


Note B shows that the solution can be thus expressed. 


But 'i 


1 


s Theon 


y{x) = y(0) + y'(0) ‘X, + — y"(0)cr2 + (Maclaurin’! 

and therefore c = y(0), ci = 2/'(0), C2=“y''(0), •••. 

[1 

Now c = y(0) cannot be expressed in terms of anything kr 
determinable. However, Ci = y'(0) can be determined, for F(y 
= 0 holds true for all values of a;, and hence for x ~0 ; tl 
F{y'(0), y(0), 0} = 0, that is jP(ci, c, 0) = 0. This determines Ci i 
of c. 

Equation (1) may be solved for y', thus, 


then, on differentiation, 


2/' =/(y, a:); 


* Crelle, Vol. 80. (Memoir dated 1874.) Madame Sophie de 
levsky (1853-1891) was professor of higher mathematics at Stc 
(1884-1891), and received the Bordin prize of the French A 
in 1888. 

t For this Note, I am indebted to notes of lectures by P 
Hilbert at Gottingen. 
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>" = ii-' + 1 i >"<«> = 1 ]-• 

This determines co in terms of c and ci, and from this C2 can be found 
in terms of c alone. Another differentiation and the substitution of 
X = 0 in the result will give an equation by means of which and 

thus Co also, can be expressed in terms of c ; and similarly for the con- 
stants C4, Cg, Therefore all the constants except c are determined; 
that is, the differential equation of the first order has one arbitrary con- 
stant ill its general solution. 

In the next place, let an equation of the second order be considered. 
Put the equation y', y, ic) = 0 into the form 

f/' 2/1 ( 5 ) 

and suppose that the solution is 


y — c -f- Ci£c 4 - C2,x^ -f- * • • . 

Determination of the values of c, ci, C2, as before, gives c = y(0), 
Cl = y'( 0 ), C2 = iy"( 0 ), •••. But, from the given equation, 

2/"(0)=/{y'(0), y(0), 0}; 

and this determines C2 in terms of c and ci. On differentiating (6) and 
putting a; = 0, there is obtained 


2 /' 




and hence Cg is found in terms of c and Cy By proceeding in this way, 
the values of all the other coefficients can be obtained in terms of c and 
Ci; but it will not be possible to obtain any information about c and 
Cl. The solution of ( 5 ) will therefore contain two arbitrary constants. 

The proof of the theorem for equations of higher orders is made in 
exactly the same way as has just been used in the case of equations of the 
first and second orders. 


NOTE D. 

[This Note is supplementary to Art. 4 .] 

Criterion for the Independence of Constants of Integration. 

In Art. 4 an example has been given of an integral in which there are 
apparently two constants of integration, but in reality these two are 
equivalent to only one. The question thus arises, how is it to be deter 
mined whether the constants of integration are really independent ? 
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In the case of a solution of an equation of the second order having the 
form 2/ = <^(£C, Ci, C2), the criterion that the constants ci, co be indepen- 
dent, by which it is meant that this solution be not reducible to the form 
/(ci, C2)}, in which there is really only one arbitrary constant 
/(ci, C2), is that the determinant 

dci 5«2 

5^0 5^0 

Qc\ dx 5^2 

be not equal to zero. 

For, suppose that ^(a:, Ci, co) can be put in the form /(ci, C2)}, 
On forming and expanding the above determinant, there results 

S±K. .^ . 5 / 5 ¥ df .d±_df^ 

.df dci' dxdfdCi d^dfdoi df dc^ 


which is identically zero. 

^ Conversely, if the determinant be identically zero, then <p(ix, Ci, C2) 
must be of the form 0{ac, /(cii C2)} ; that is, ci, C2) will not vary, no 
matter how ci and C2 are varied, so long as /(ci, Cs) is assigned some 


particular constant value. 

On writino' p, o, for the condition that the determinant be 

® 5ci dc2 

zero takes the form ’"’hence on integration | = a con- 

stant ; that is, ^ is independent of and hence can only involve ci 

and C2. Take - = where L, M, are functions of Ci, C2. Hence 

M— = L — • Now differentiation of 0(x, Ci, C2) gives 
5ci 5 c 2 

^ ^ dci + ^ (fCi, = ^ + {Ldcy + Mdc^) j 


But Ldci + Mdc2 has an integrating factor such that y.Ldci + 
is a complete differential of the form df(c\, C2). 

Therefore + • 4 f(ci, C2); hence 0(x, Ci, C2) will not 

Qx ii.L dci 

vary, no matter how ci, 6*2 are varied, provided only that they satisfy the 
condition /(ci, C2) = a constant. 

Hence the necessary and sufficient condition that ci, C2 be really inde- 
pendent in <p(x, Cl, C2) is that the above determinant be not equal to zero. 

* This part of the proof is due to Professor McMahon of Cornell 
University. 
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Moio generally, the criterion that the n parameters Ci, cg, •••, c„ in 
/(ic? ^w) he independent is that the determinant 

i/ di 

d<‘l d<‘2 dCn 
d(-‘i d'>^' d('2 dcndx 


. av 

dc, ax»‘-i 

be not equal to ziu'o. '’I'his follows from the theorem proved in Note F. 


NOTE E. 

[This Note is supplementary to Art. 12.] 

* Proof that Fdx + Qd^j is an exact differential whenS:£ = 

dy dx 


IjCt 

therefore 


(’mIxztF, then^=:P; = ^ = 

dx dx dy dy dx 
dx dx\dy I 


Hence Q = + 0'(2/)> where is some function of y. Therefore 

dy 

Pdx + Qdy = dx 4* + <l>'(:y)dy 

dx dy 

= d [ F+ <;^)(2/)], an exact differential. 


NOTE E. 


[This Note is supplementary to Art. 49.] 


On the criterion that n integrals ?/i, i/sj •••) yn of the linear differential 
equation 


d«?/ p d » ^y 

'(ix^ ^ 


-f • • • + Eny — 9 


( 1 ) 


be linearly independent. 


^ I am indebted for this proof to Professor McMahon, of Cornell. 
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Before proceeding to establish the criterion, it may be remarked 
if there be a linear relation 

aiyi + ^22/2 + — = 0, 


that 

( 2 ) 


where ai, a2, ••• are constants, existing between all or any of the integrals 
yu y‘ 2 <> integral y = Ciyi + coys + *** + in virtue of 

(2), may be written 

y = [ci- Cl^ ^ 2/2 + (c3 - - ''1^) Vn- 


This expression does not really contain more than — 1 arbitrary con^ 
stants, and therefore is not the general integral. 

Form the determinant 


yi y2 •** Vn 

yi' 2/2' ^-yn 


where the elements of each row below the first are tlie derivatives of the 
corresponding elements in the row above them. This determinant is 
known as the functional determinant of yi, y2, •••, y^, and will be denoted 
by B. The necessary and sufficient condition for the linear indepen- 
dence of yi, y2, •••, Vn is that B be not equal to zero. 

Suppose that this condition holds in the case of — 1 functions, then 
it holds for n functions, 

K there be a relation such as (2) between the functions yi, 2/25 •••, yn? 
then the elements of one of the columns of B are forined from several 
other columns by adding the same multiples of the corresponding elements 
of these other columns ; and, consequently, B will be identically equal to 
zero. 

Conversely, if = 0, there will be a linear relation of the form (2) 
between the functions y, yi, •••, yn. Since J? = 0, the determinant must 
be reducible to a form wherein all the elements of one column are zero ; 
that is, there must be certain multipliers \i, \2, •••, X„, such that 


Xiyi 4- X2y2 + ••• + Xnyn = 0 
Xiyi^ 4- X2y2^ + ' •* 4- X„y,/ = 0 


Xi^i(n-i) ^ X2yi(«-b 4- - + X„yn("-1> = 0 


(3) 


Differentiation of each of these equations and subtraction of the one 
next following gives 
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+ •• 

• + K'y,i = 0 


+ ^2'2/2' + • 

•• 4 K'Vn = 0 


Xi'?/i(«-2) + \Jy4n~2) ^ ... 

y,,{n-2) = 0 

If one of the determinants 

yi 2/2 

•••2/n 


Vi’ yf 



2/d”--l 2/2f”-'-> 



. . . . (4) 


vauislies, say the 


one formed by omitting the rth column, then by hypothesis there is 
a relation 

ClVl -f- C2?/2 + i- Cr_l?/r-l + + ••• + C,,2/„ = 0. 

But if no one of these determinants vanishes, then it follows from (4) 
and the first (n — 1) equations in (3) that 

V 

Xl X2 Xn 

Suppose that each of these fractions is equal to p, say. It follows from 
integration that Xi = aieW-% Xg = •••, X„=:ane/^^*, ai, a 2 , a„ 

being the constants of integration. On substituting these values in the 
first of equations (3) and dividing by the common factor there 

appears the relation « „ o 

which is thus a consequence of B being equal to zero. Hence, if the 
criterion holds for n — 1 functions, it holds also for n. But it can be 
shown as in Note D that the criterion holds for 2 functions ; hence it 
holds for 3, hence for 4, and so on for any number. 

Therefore, the necessary and sufficient condition that ?/i, t/o, •••, Vn 
form a system of linearly independent integrals, or a fundamental system 
of integrals^ as it is sometimes called, is that the determinant B do not 
vanish identically. 


NOTE G. 

The relations between the coefficients of a linear differential equation 
and its integrals. 

Let ?/i, ?/ 2 , •••, 2/n be 7 i linearly independent functions of x. It is required 
to form the differential equation which has these functions for its inte- 
grals ; in other words, to form the equation which has 

y = Ciyi 4 - C22/2 + ••• + CnVn 


( 1 ) 
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for its general solution. The differential equation is formed by 
nating Co, from the given integral by the method shown in . 
By differentiating n times there is obtained the set of + 1 equatioi 
y = GlVl + C2?/2 + ••• + CnVn 

yf = Ciyi' + Ci^i' 4- ... -f CnVn 


From this the eliminant of the c’s is found to be 


y yi 2/2 

y* 2/i' 2/2' 




= 0 , 


y(n) y^(n) y./n) y^(n) 


the differential equation required. 

Now suppose that the differential equation having the integral 
y2i Vn is in the form 


in 

dX/fi 




+ P2 




4- ••* + Fn(j/) — 0. 


On denoting the minors of t/, y', — , y<»»> in (2) by T, Ti, 
tively, (2) on expansion becomes 


Yn 


d^y_Y 

d2C’» 


n I ... 


4(-i)^ry = o. 


r„, rei 


Comparison of (3) and (4) shows that 



J. n 


It will be observed that Tn is the determinant B of Note F. ^In pa 

ular, since differentiation will show that Tn-i = Pi = — ^ - 
- dx Yn ^ 

and hence Yn = 


NOTE H. 

[This Note is supplementary to Art. 102.] 

On the criterion of integrability of Fdx 4- Qdy 4- Bdz = 0. 

It has been shown in Art. 102 that the necessary condition for 
existence of an integral of 

Fdx 4- Qdy 4- Bdz = 0 

* This deduction is due to Joseph Liouville (1809-1882), professoi 
the College de France. 
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is that the coefficient^ P, Q, P, satisfy the relation 


P 


\ 


dl/J 


+ 







( 2 ) 


It will now be proved that this condition is also sufficient^ by showing 
that an integral of (1) can be found when relation (2) holds. 

Substitution shows that, if relation (2) holds for the coefficients of 
(1), a similar relation holds for the coefficients of 

liFdx + ^J^Qdy -J- fiBdz — 0, (3) 

where ac is any function of x, ?/, z. If Fdx + Qdy is not an exact differ- 
ential with respect to x and y^ an integrating factor /i can be found for it, 
and (3) can then be taken as the equation to he considered. Hence there 
is no loss of generality in regarding Pdx + Qdy as an exact differential. 
On assuming then that 

= ‘ 

dy dx^ 


and that 

V=^(Pdx+ Qdy), 

it follows that 

P = ^, Q = iZ, 

dx dy 


Hence, from (2), 


dz dzdx dz dzdy 


/ilK- 

_dp) 

i + ^( 

\dzdy 

dy J 

dy\ 


This may be written 


dx dy\ dz 1 


dy dx \ dz 


jj) = 0, 


az, 

dx dx\ dz J 

iZ, 

dy dy\dz J 


= 0 . 


This equation shows that a relation independent of z and y exists 
between 

Fand^- jB. 
dz 
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Therefore, — B can he expressed as a function of z and V alone. 

Suppose that §Z. - JS = 0 (; 2 , F ) . (4) 

dz 

Since Fdx 4* Qdu + Bdz = dx + —dij 4- —ds: + ( i? - 4.—) dz, 

dx dy dz V dz J 

equation (1) may he written, on taking account of (4), 
dV-i>(z, V)dz = 0. 


This is an equation in two variahles. Its integration will lead to an 
equation of the form jr^-pr 


Hence (2)* is both the necessary and sufficient condition that (1) have 
an integral. 


tNOTE I. 

Modern Theories of Differential Equations. Invariants of Differential 

Equations. 

The two modern theories of differential equations are : 

(a) The theory based upon the theory of functions of a complex 
variable ; 

(5) The theory based upon Lie’s theory of transformation groups. 

The study of differential equations, until about forty years ago, was 
restricted to the derivation of rules and methods for obtaining solu- 
tions of the equation and expressing these solutions in terms of known 
functions. Even at the beginning of the present century,! however. 


* Of course this criterion is included in the criterion for the general 
case of p variables, the deduction and proof of which is to be found in 
Forsyth, Theory of Differential Equations., Part I., pp. 4-12. (See foot- 
note, p. 138.) See Serret, Calcul Integral (edition 1886), Arts. 785-780. 

t Two historical articles that the student would do well to consult are : 
T. Craig, “ Some of the developments in the theory of ordinary differ- 
ential equations between 1878 and 1893,” Bulletin of N. Y. Math. Soe.., 
Yol. II. (1892-1893), pp. 119-134; D. E. Smith, “History of Modern 
Mathematics” (Merriman and Woodward, Higher Mathematics., Chap. 
XL), Art. 11. , Also see F. Cajori, History of Mathematics, pp. 341-347. 

t “ Gauss in 1799 showed that the differential equation meets its 
limitations very soon, unless complex numbers are introduced.” 



MISCELLA]}^EOUS NOTES. 


203 


naticians saw that any marked advance in this direction was im- 
e without the aid of new conceptions and new methods. But it 
Dt until a comparatively recent date, that wider regions were dis- 
i and began to be explored. 

new era began with the foundation of what is now called function- 
by Cauchy, Kiemann, and Weierstrass. The study and classifica- 
f unctions according to their essential properties, as distinguished 
die accidents of their analytical forms, soon led to a complete 
ion in the theory of differential equations. It became evident 
e real question raised by a differential equation is not whether a 
n, assumed to exist, can be expressed by means of known func- 
)r integrals of known functions, but in the first place whether a 
lifferential equation does really suffice for the definition of a func- 
[ the independent variable (or variables), and, if so, what are the 
teristic properties of the function thus defined. Eew things in the 
^ of mathematics are more remarkable than the developments to 
this change of view has given rise.” * 
leading events in the early history of this new theory are : the 
ition of the memoir on the properties of functions defined by dif- 
al equations, by Briot and Bouquet in the Journal de VJ^cole 
zhnique (Cahier 36) in 1856 ; the paper on the differential equation 
satisfies the Gaussian series, by Riemann at GSttingen in 1857 ; 
arhaps, most important of all, the appearance of the memoirs of 
on the theory of linear differential equations with variable coeffi- 
in Crelle's Journal (Vols. 66, 68) in 1866 and 1868. t 
only work in English which employs the function-theory method 
ussing differential equations is that of Professor Craig, f 
mowledge of the theory of substitutions, as well as of function- 
, is required for reading some of the modern articles on differential 
ms. 


e G. B. Mathews, a review in Nature, Vol. LII. (1895), p. 313. 
bert Briot (1817-1882),- Jean Claude Bouquet (1819-1885); Georg 
,ch Bernhard Biemann (1826-1866), the founder of a general 
of functions of a complex variable, and the inventor of the sur- 
known as. “ Riemann’s surfaces”; Lazarus Fuchs (born 1835), 
or at Berlin. 

Craig, Treatise on Linear Differential Equations (Vol. I., published 
)). See Note J for the names of other works on the modern 
s. 
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Professor Lie* * * § of Leipzig has discovered, and since 1873 has developed, 
the theory of transformation groups. This theory bears a close analogy 
to Galois’ theory of substitution groups which play so large a part in the 
treatment of algebraic equations. By means of Lie’s theory it can be 
at once discovered whether or not a differential equation can be solved by 
quadratures.! An elementary work by Professor J. M. Page on differ- 
ential equations treated from the standpoint of Lie’s theory has been 
published, f 

The theory of invariants of linear differential equations is one of the 
later developments in the study of differential equations. While it plays 
a very important part in both of the modern theories referred to above, 
yet, to some extent, it can be studied without a knowledge of these 
theories. § It has been found that differential equations, like algebraic 
equations, have invariants. An invariant of a linear differential equation 
is a function of its coefficients and their derivatives, such that, when the 
dependent variable undergoes any lineat transformation, and the in- 
dependent variable any transformation whatsoever, this function is equal 
to the same function of the coefficients of the new equation multipled by 
a certain power of the derivative of the new independent variable with 
respect to the old. 

The introduction of invariants into the study of differential equations 
is due to E. Laguerre of Paris. || Those who have made the most ini- 


* Sophus Lie was born in Norway and educated in Christiania. He has 
been Professor of Geometry at Leipzig since 1886. He has expounded 
his theory in the following works : Theorie der Transformatioiigruppen, 
Vols. I., II., III. (1888-1893) ; Vorlesungen uher continuierliche Gruppen 
(1893). See p. 207 for his work on Differential Equations. 

t For an elementary introduction to Lie’s theory of transformation 
groups, and its application to differential equations, see articles by 
J. M. Page: “Transformation Groups,” Annals of Mathematics, Vol. 
VIIL, No. 4 (1894), pp. 117-133; “Transformation groups applied to 
ordinary differential equations,” Annals of Mathematics, Vol. IX., No. 3 
(1895), pp. 59-69. Also see J. M. Brooks, “Lie’s Continuous Groups,” 
a review in Bull. Amer. Math. Soc., 2d Series, Vol. L, p. 241. 

t By The Macmillan Co. 

§ See Craig, Linear Differential Equations, pp. 19-22, 463-471 ; and 
the memoir of Forsyth referred to below. 

II In his memoirs : “On linear differential equations of the third 
order,” Qomptes Bendus, Vol. 88 (1879), pp. 116-119; “On some invari- 
ants of linear differential equations,” Ibid., pp. 224-227. 
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portant investigations on these invariants are Halphen and Professor 
Forsyth. Their memoirs^ are among the principal sources of infor- 
mation on the subject. 

^ G-. H. Halphen (1844-1889) of the Polytechnic School in Paris. 
‘ ‘ M^moire sur la reduction des Equations diff^rentielles lineaires aux 
formes int^grables,” Memoires des Savants Mtrangers,^ Vol. 28 (1884), 
pp. 1—301. Chap. III., pp. 114-176, in this memoir treats of invariants. 

A. K. Forsyth, “ Invariants, Covariants, and Quotient-Derivatives asso- 
ciated with linear differential equations,” Phil. Trans. Boy. Soc,, Vol. 179 
(1888), A, pp. 377-489. 
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NOTE J. 

[This Note is supplementary to Art. 53.] 

The Symbol D. 

Let i> be a symbol which represents differentiation, with respect to 
X say, oil the function immediately following it. In other words, let 



= or Du = ~- 

dx dx 

(1) 

Then 

D{Du) 

dx\dx) dx^ 

(2) 



(S) 


It is evident from definition (1) and the results (2), (3), that the result 
of the operation symbolized by D taken n times in succession will be 
d^u 
docf' 

Also, let the operations which consist of the operation D repeated two, 
three, n times in succession be denoted by •••, D” It should 

be noted that, according to this definition, represents and not 
/ \ ^ die’’*’ 

( ) , Prom this definition of i?" it follows that the operational symbol 
\dx j 

D is subject to the fundamental laws of algebra. For, 

(D' + i3”)2« = ^ + ^ ^ = (J?" -I- . 

dxf dx"^ dx^ dx'^ 


. pny d"+’-u ^ f i'u \ _ 

* dx^\dx^J 


D^(u + v): 


dx^\dx^/ * dx^+^ 

• D'^u - D^+^u ; 

■.^(,u + v) = p + pl= 

das”* dx^ dx”* 


D^u ; 


Since D represents an operation, it can only appear with integral 
exponents. Negative exponents will now be considered. 

Suppose that Du =. v, (4) 

and let u be indicated by u = D~h, (6) 

It is necessary to give a meaning to and this meaning must not 
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l)(* iiu‘.inmisl('ut. wit h t.ht‘ deliiiitioii of D. On operating on each member 
of (f)) with />, 

Du - D . J)~ hi, 

‘whencti i*y (4 ), J ) . 

Tlun't^’oro /> •* rcpn'Htnjts siu‘.h an operation on any function that, if 
the oporatitni n'preHented by /> be Hidusequeiitly performed, the function 
is left umilteriMl, Hence the operation represented by is equivalent 
to an integration. It follows that the operation indicated by D”" is 
iupiivalent to n Hiiciu'ssivt^ inUsgrations. The proof that the symbol 1) 
with negative exponents is subject to the laws of algebra, is similar to 
that used for I) with positive exi)onents. 

It has been seen that 1) • D^h) — v. 
lint • Dv ^ 0 + r, 

in whi(4i c is an arbitrary constant of integration. Therefore, in order 
that 

/)m . J)-np ^ 7)~n . J)m^^ 

it. is iK'ceHHiiry to omit the arbitrary cemstant that arises when the opera- 
tion indicated by is iierfornied. 


NOTI^] K. 

['riiis NoU? is supplementary to Art. 82.] 

Integration in series. 

The law for tin*, exponents will be apparmit on substituting sc”* for rj 
in the first nuMuhcn* of the given e<piation. Suppose that the expression 
obtained by this substitution is 

4- (3) 

In gcmoral (3) will (U)ntain more than two terms; in the case of the 
tuiuatioim in Art. Ob it (‘ontains only one term. Under the supposition 
just made, tlu^ HUcecHsive, dinenunu^s of the exponents of x in the series 
sought must evidently he 'rids common difference will be 

denoted by Solution (2; may now be written 

y = f ' * 4 f' (4) 

r ■■■)0 

y - ArX^^ 


or simply 
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Substitution of this series for y in (1) will give, in virtue t)f 

AoMm)^^' + AoMm)x'^'+‘ 

+ rii/i(m + s) x’^'+‘ + Aifi(m + s)x”'+^’ 

-j- ... 

H- Ar-\h [m + (r - 1) s'] ^ 

+ -^r-l /2 l^n + (r - 1) s] 

+ Arfi(jn 4 - rs) 

+ ArMni 4 rs) cc'»'+(»*+i)* 

+ ... 

Since equation (5) must be an identity, the coefficients of e: 
of X therein must be equal to zero ; hence 


/i(m)=0 

and ArMni 4 rs) 4 A- 1/2 + (r- 1)5] = 0. 

The roots of (6) give the initial exponents of series that v 
(1); and equation (7) shows that 


which is the relation between successive coefficients. The 
between the exponents in (3) might have been taken, ni^ — 
in this case, the resulting series would have had their powers 
order to those of (4); and the initial terms w'ould liave been 
solving / 2 (w) = 0. 

In determining the initial power of x for an equation of the 
that coefficient in (3) which is of the wth degree in m must be 
to zero, since there must be n independent series in tlio genera 
If both /i(m) and / 2 (m) are of the 7tth degree, two seta of aeri 
derived, one in ascending powers and the other in descending po 

If the expression (3) have another term the ter 

series can be successively deduced, but the process will be n: 
tedious. This method can also be employed in the case of ; 
equations, but more than a very few terms can be calculated 
difficulty. The equations previously considered can of cours< 
grated in series ; Ex. 3, Art. 82, illustrates this. 


! 
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CHAPTER I. 



stands for 

dx j 


2 . (a ;2 ~ 2 j/ 2 )p 2 _ — as^ 


Art. 3. 
: 0 . 


3. (l+P^)‘ = .-“(3y. 




f^y. 

[dxj 


y 


dx 


: 0 . 


dx 


dy 


vi — x^ vr 


2 . ;)Vl — a ;2 = 2 ^. 

3 

da :8 (Ja: ^ 

4. 12i)2y =(8p8 -27)a;. 

5. 2/ = jpic + jp — p®. 

6. 8 ap® = 27 V. 

7. i)3(l - 0:2) + 1 = 0. 


Page 11. 


8 . xf|+ 2^-xy = 0. 

dx^ dx 

8 . ‘^+,„ 2 y = o. 

(io :2 

10 . 2 af^ + ff'y= 0 . 

dx^ \dx) 

11 . 2 /^ = 2 pa;y 4 - * 2 , 

12 . ‘*^ = 0 . 

dx^ 




= 2 / 


dx 


14. x^^+2y = 2x^- 
dx® dx 


CHAPTER IL 


Art. 8. 


2 . 2/a/ 1 — x 2 + xVl — 2/2 


y'-^rrc. 3. 2/ = ^‘'(« + *)(1 - 

4. tan y =z c.(l a*)®. 

211 
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Art. 9. 


2. xy^ — c^(xi-2y). 3. y=:ce^^^. 

4. c(2y^ + 2ay - ^ 

(l-V3)a: + 2y 

Art. 10. 

1. (y-a+l)2(?/ + X-l)S = C. 

^ f 2.v-(5+ ■v/2T)a;+2(2 + \/2i') ) 


2. c(y^— 6a:y+a:'*+lla:+4y— 17)= I 


22/-(6- v'21)9:+2(2-v'21) 


Art. 13. 

8. y — a;y2 — x^y = c. 4. hxy + cy‘^ + gx,-^ cy 

5. 2c2t/2 -I- 4 — 4 a; 2 /^ + 2/® — x&i 4* e^* 2 / + x* = c. 

Art. 16. 

3. 2 log a; 4- a log 2 / — y = c. 4. aV 4* = ca^. 5. sc* 4- ~ = c. 


Art. 17. 


1. ! + log^ = c.' 


3. 21ogx — logy = — f- c. 

xy 


1. e»(a;2 4- y2)=c. 


Art. 18. 

2. X- — y^ = cx. 

4. K2/ + Sf2 + 2®_g_ 


3. aj^y® 4“ iK^ = cy. 


Art. 19. 


2. 5 a;“^t 2 /f i - 12 a;’’Tfy“Tl = c. 


3. ^Vxy — = c. 


Art. 20. 

2. ?/ = (x 4- c)e-*. 3. y = tan X - 1 4- ce-t“®. A:, y = (e* 4- c) (x 4- 1)«. 

5. 3(x2 4- l)y = 4 X® 4- c. 


Art. 21. 


3. 7y”i = cx3 ~3x®. 


4. yi = c(l - a;^)t - 1= . ^ -. 

8 


5. 2/3 — _l_ cxVl - x^. 



A2^-SJrjSIiS. 
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1 . 

a 


: tan 


2 / 4* c 


a 


2. 05^ = 2 <'.?/ -h c2. 

3. 2/ = f('ce'-il 

2 \ c6*y 


Page 29. 

4. tan sc tan y = A:. 

K 2/ + 5C 

6. log ^ = c. 

2/ ic?/ 


6. y =:x~(l ce^), 

7. 602/3(a: + l)2=10x6 + 24jc5 + 15a;4-fc. 

8. sc2 ~ icy -I- 2/2 ^ aj _ 2/ ^ 

* 

,9. y =:ce v'l^ H 

Vi — sic2 

X 

10. c% = e^. 

11 . sc^ - ?/4 >j- 2sc2y2 _ 2 __ 2 622/2 = c. 

12. 2 /(sc 2 4- 1)2 = tan-i sc + c. 

13. log cy 


'3/ 

14. 2 ^ = 05SC 4 CSC Vl — sc2, 

15. a;2 _ ^2 _ 1 ^ (-a;. 


16. log Vsc 2 4 2/2 — m tan~i- = e, ■ 

X 


17. r = 


18. sc 4 2 /e*' = c. 


19. 2 / ■ •*”* 4 2 sin x 4 


20. (sc4 l)ey = 2 sc 4 c. 

21. ^=a:2 + 1 + ce«=. 

2,2 

a2/"+® 

22 . = :i-+c. 
n 4 2 sc 

26. = asc^ 4 c®. 


^ — 1 


23. ?j4 2 2/8 4|-|a;22/2 = c. 

24. 2/^+2 0^2/2 4 sc'^ - 2 a 4 2 sc^y^ = 


25. - = 2 — 2 /^ 4 ce 

X 


rK 


27. (sc 4 Va2 4 x^) 1 / = log(sc 4 VoM^) 4 c. 


28. log Vsc^ 4 y'^ 4 tan-i ~ = c. 


29. (4 62 -I- 1)^2 _ 2 a(sm sc 4 2 6 cos sc) 4 
32. 'c(2/~6) = 


30. sc2 4^/2 = cy. 
31. 3 2/2 _ 2 sc2 c*'’ = ca:2. 


1 4 6sc 

33. 9 log (3 2/ 4 2 sc 4 ^7^) = 14 (3 ?/ — | a; 4 c). 

34. sc^?/^ — 2xy log cy = 1. 
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35. 4:X^y ~ 6 + cx^y'^. 

y 

36. cy = e* 


37. x^^y ~ ax c. 

38. |log^Ilil±«+y = c. 

2 X — y — a 


CHAPTER III. 
Art. 22. 


3. 2 / = c, £C + 2 / = c, a:?/ + a;2 + ?/2 = c. 5. a:2 ^ 2 ?/- = c, + 2 /^ = c. 

4. 343 ( 2 / + c)3 = 27 ax^, 6. 2/ = 4£c + c, 2/ = 3ic + c. 


Art. 24. 

2. a5+c= I {log (1 + (i>— 1) — tan”ip}, with the given relation. 
8. log (i? — as) = — h c, with the given relation. 

p ~ X 

4. 22 / = 0x2 4'-* 
c 

Art. 25. 

1. 2 / = c-[jp 24 . 2 p + 21og(p — 1)], x = c~[2j) + 21og(p-l)]. 

2. 2 / = 0 — alog(i3 — 1), X = c + alog—^^ — 

P-1 

3. 2 /^ = 2 cx + c2. 

Art. 26. 

1. X = 10gp2 ^ 6j9 _{_ c. 

2. y — c~ Vx — x2 — tan“i -x A "" 

^ X 

3. 22/ 4- c = a [i^Vl ~log(i? 4- Vl 4-p^)]> x = aVl 4-p“. 

4. X 4“ c = a log (j9 4- Vl 4'P^)» y = aVl 4-^*^. 


Art. 27. 

2 4 

1. 2/2 + c3/a;'^«-i = 2. 2/** = 2ca:+c2 


Art. 28. 

3. 2 / = cx 4- sin-i c. 4. = ce^ 4 - c\ 5. 2 /^ = cx^ 4 - I 4 - c. 

Page 38. 

1 . sin- 1 -= log cx. 2 . 2 / = c(x - 6 ) 4 --. 

X c 
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™ + c) — 2/2 4- cx*) = of 6. (y — 6 X + c) (y — .3 X + c) = 0. 

« 4 A. 6. ac2 4- c(2x — fc) — = 0. 

4- c = r — —^2.==;, where 6 = tan”^ and = x^ -{- 
J 02 X 


in'i ^ 4 c = vers~^2 a Vx'-* +y^, 

V 1 

in-i- + sin”i - ~ 

X X 


2 4, y2 _ 4 _j, 3 ^-2 = 0. (Put X2 • 

2 ^ ^2 ^ 2 c(x 4 y) 4 c2 = 0. 


\/y'^ 4 nx’-^ = rx 
6 = (x 4 cy. 


‘W? 


■ 32^2 = 'U2.) 


r;t2 


14. ?/~cx2 4-^ = 0. 

c4 1 


16. 2/(1 ±cosx)= c. 

(^y — sin-1 ? ^ ^ cos“i ~ ^2/^ -- xi — = 0. 


c)2 4 . (X - a)2 = 1. 19. (y - cx2) (y^ 4 3 x'l - c) = 0. 


2 cVx 4 /(c®) . 20. 2/ = — c)2. 


(x® - 3 ?/ 4 («2 4 cy) (xy 4 C2/ 4 1 ) = 0 . 

ax 4 c *4= :] p'^ — mj} 4 m2 log (i? 4 m), with the given relation. 

or-'' 4 - <''h 25 . (x 4 c)2 4. (y ~ 5)2 = 1. 

■ =c4 V. 26. 2 / = cx4~- 

;4.Vi2.-.y2 C 


27. y2 = cx 4 J c®. 


CHAPTER IV. 

Art. 33. 

f5X 4 c2, x2 4 4 2 / = 0. 4. x2(2/2 — 4 x®) = 0. 

X - c)2 z= 4x2/, 3^1/ = 5. (x— y4c)’^=a(x42/)^ x42/=0. 


Page 49. 

= cx2 4 2/2 — <35x2. 

c 

f cxy 4 c2 = 0, singular solution is x(x2/2 — 4 a«) = 0. x = 0 
also a tac-locus. 

- cx)2 =r m2 4 c2, ^2 ^ ±: m2. 


ANSIVKHS. 


21 <) 

4. y ex. -1 -f hV 
6. y CX r-, JC’*^ =::: 4 y, 

6. y '^ ::: 4 a(x - h); I f 4 x^y i), x 0 Ih a ta(^4()cus ; ^(27 |/ — 4 i 0 ; - 

y'^ =: 4 liix, 

7. {y + c)'^ = ; X - 0 iH a cuKp hnnw ; iH no singular Hohition. 

8. l)(x -2); Hingular aolntionn ara x = 0, x tz: I, 

X 2 ; 'X - 1 I ^ ara taa-lot'i, Tha curva whtni c = () consists 
\/2 

of an oval (‘uiting the axis of x at the origin anci at a* - 1, and a 
curve n'Hctnbling a parabola in shape, having its vert( 5 x at the 
point for which x - 2. 

9. x\xP — c{y d- <'Y^ = b ; singular solution is 4 1 /* + 27 x^ zx () ; x = () is 

a part of the general solution, and is the cusp locus for one part 
of the geTicral solution and the envelope? locus for the other part. 

10. = C3P 4- V 4 hV 4- 

11. z‘> + - <•(*» - v'*) - 1 + C« = 0 ; that i«, ■— + Y- - 1- iSingu- 

lar solution is x* - 2 4- i/* 4 x:^ — 4 4 4 =: 0 ; that is, 

(x 4‘ V "h V2) (x 4- 1 / n/2) (x y 4* ^2) (x y -- >/2) = 0. The 

general solution is the system of conics touching these four lines. 

CIIAPTEE V. 


Art. 43, 

3. Vny = X 4* o. 4. y 4 c 4* - vers"^ 

2 (t 

6. r = c — K COB 0; when r = #c, the cardioid r = #f(l «»» cos ^). 

0 

6. cr = 

Art. 47. 

3. The ellipses 2x''^ + rr 4. xJ =s 


6. The con focal and coaxal parabolas r ^ 


2 c 


1 — cos $ 


6. sec 5 ^ 4- tan $0 = m^, 7. r = r ^ ^ = tan-t -• 


Art. 48. 


2. s = I 4- ^0* 


8. # = 


1. |/ = ce^». 


Page eo. 

2. xi 4- yi ss a^. 


3. :Jy'-^ = 2#c(«9 + e). 
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K Bin the intrinsic equation of a cycloid referred to its vertex, 
ho radius of the generating circle being -J k. 

3 lines r sin (0 + a) = and their envelope the circle r = i- 
0 parallel lines (m sin a — n cos a)z — (m cos a + w sin a)y=.c, 
f 2 = c. 

e syvStcin of circles passing through the given point and having 
heir centres in the given line. 

4- if^ = 2 log X 4- c. 10. ± c-. 

z: sin }i0; = c? sin 2 0, a series of lemniscates having their axis 

i,t an angle of 45° to that of the given system. 

= cr cosec B. 13. r = 


rabola (y — — 2 a(y 4- sr) + 

4- y^ = 16. x‘^ 2 cx. 


; (j, + x^) = ^ (2/ + - SC^). 



sz 0 sin 11 $ \ r = c sin ^ ; r = c(l — cos B), 
z C(1 — cos 5) 

0 




22. re = c. 


■^y 

= c(l 4- cos 6). 


Vx 


23. r = 


a(l — c^) 

1 — e sin (^ + c) 


10 involutes of the conics which have these points for foci. 
lO conics that have the fixed points for foci, 
le ellipse 4- a'Y = 30. The hyperbola 2 xy = a®, 

le parabola = /c2(2 ay 4- 


le catenary y zz a cosh (See Johnson, Diff. Eq,-, Art. 70.) 
a 

tj/ 4 - 0 = 2 ax^/^a!W^ - log (2 ax 4 - V4 - 1). 

R _R r n 

,) i = ce”^‘ +4«"^ J ^ /(0<^«- 

X/ 

-5, -7‘ 

) i=ce . It i = I when t = 0,i = le ^ . 

^ R jlj 

A i == ce~^‘ + -• I£ i = 0 when t = 0, i = f (l - e *' )• 

^ R xt 
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(d) i: 


+ 


L» 

ft sin — L(*j cos Oft). 

h 


(e) i = ce (iif sin wi /.w cos we) 

V ^ ./e'* 4- /y-eo*^ 


-j — j{/^sin {boot 4 ^) — i;, 5 wcos (6we 4 ^)}. 

ie*-^ 4 


36. («) i = ~j~ I J (‘■'‘"f'{t)dt + ciij. 

t __ 

(6) i = ce (c) i = ce 

(d) i = ce 4 7-— ““7—. (cos ost-f BCu) sin we). 

1 4 /fc'‘G '*w'« 

t 

““'ro * ^ 

36. (a) ? =5^ + ce'*®. 

f 

(6) Q= Qe where Q is the charge at time e = 0 . 

e 

(c) 3 = CT + C« "®. 

(dJ) q = ce 4 (at - i^Cw cos we). 

1 4 R^V*ta* 

37. -- 4 i - 1 

ACVO 


CHAPTER VI. 

Art. 50. 

3. X = cie'z* 4 cae”-'*^. 4. x = 4 Cae"*'- 

Art. 51. 

1 . 2/ = c2*(ci 4 cgx) 4 CaC""-'’. 2. |/= e ^(Ci 4 Cgx 4 c®x^) + Cic^*. 

Art. 52, 

8. 1 / = e*(ci 4 C 2 ^)siu x 4 ^{c% 4 C 4 X)co 8 x. 

Art. 58. 

2. 2 / = cie* 4 cgc-* — 2 — 5 X. 8. |/ = e'*"»(€i 4 Cgx) 4 1 e^. 

4 . 2/ = «^(ci + C 2 x )4 CsS ^ 4 -e^ f 
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Art. 60. 

3. y = ® ^CiCos^a5 + C2sin^^cc^ 4- e^{cz + — 1. 

4. y = e*(aa: + &) H- 

Art. 61. 

3. y = Cie“-* + e* (C2 cos VSa; + cs sin V3 a) + }(ic^ — ic + 1). 

Art. 62. 

3. 2/ = + <526 ‘ — T 7 sill i 15. 

4. 2/ = C6“* 4- e-^Ci cos^ic4- cosin-^aj^ 

, sin 3 a; 4- 27 cos 3 x 1 , sin £c — cos x 
^ 730 2"^ i 

Art. 63. 

2. 2/ = <Ji6“* + 4- ^ (11 sin 35 ~ 7 cosic). 

3. 2/ = 6 COS (VI aj 4- a) 4- /ll aj2 _ 12 a + ^ (4 sin 2 a; — cos 2 a;) 

121 Y 11 / 17 

Art. 64. 

2. 2/ = Cl cos(2 X + a)+ iajsina; — f cosx. 

3. 2/ = CiC® 4- 626“* 4- X sin x 4- i cosx(l — x^). 

Page 80. 

1. y = (cie® 4- C 2 C'^) cos x 4- (cgc® 4- C 4 €”®) sin x. 

2r > ?/ = cie“® cos (x 4- a) 4- 026^* cos (2 x + jS) + Cse""**. 

/^8 9 />.2 2a! 

3. y — Ci + 6”* (C2 4- 03X) 4-- -5 — h 4 X 4- — • 

o 55 lo 

4. y = Ci cos 2 X 4 - C 2 sin 2 X + ^(6® — sin 3 x) 4 - i (2 x^ — 1). 

pmx 

6. y = Cie2« + c2e8« + 3Sr(6a + 6)+-^ — 

— om 4- 0 

ptlX 

6. 2, = cie» + ce-+jj^ + — . 

7. y = CiC~2a: Ca^^* 4- 636* 4- 1(15 + J)* 
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8 . y = Cl C2X + e 


0. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

lY. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29 . 


'^Gz si 


sin-^x + C4 cos— + 3 J ax^ 
A 2i J 


+ ^(a-8 6)a:« + 


y = Cie* + caes* + Cse-^ + (* + if)- 

y = csin (71X + a) {ax -f Z>) + 




3/ = (a 4- &x)sin x 4- (c + <?x)cos x 4- ^ 4- cos x. 

12 48 

^ I N . X sill ax , cos ax log cos ax 

y = Cl cos {ax 4 - a) 4 1 f 


3/ = (c 4- cox)e® 4 - ~ ( 2 x 2 — 4 X 4 “ 3 ). 
8 


96 ( 2 x 4 - 3 ) 


4 -- 


384 


Ji , Vs 

y = e -/cicos^x + C2sln-^a: ] — T?r(2 cos 2 a; + 3 sin 2 a;). 


(jfi + 1 )® {rfl+ 1 )< 

y = C cos (nx + a) + ^ t , g ) + 

w2 4-iL 71^- + 1 {n^ + iy^ 

y = cie“* 4 - C 2 e-®"= 4- Cs sin {ax 4- a) — a~%* ~ 24 a-®. 

?/ = Cl 4- C 2 X 4- 6 *(C 8 4- C 4 X) 4 - x2 4 - J x®. 

2 / = cie® 4- C 2 e"“* 4- cs sin (x 4 - a) ~ ;J e» cos x. ^ 

2 

y = ci«-* + (ije-s* + Cse®* - —{z + - 

?^ = ce® sin ( V3 X 4- a) 4- ^ COS X, 

2 / = c-®(ci - 1 - CsX 4 - csx^) 4 . 

y = e2»(ci + C2X) + 6-®(C8 4- C4X) 4- i e^{x^ + 2 x 4- J). 
y = e*(Ci 4- C2X 4- C 8 X 2 4- 4- 3 ^ 32 ^). 

y = cic* 4 - C 26 ”® -i{x sin X 4- cos x) 4- xe*(2 x^ - 3 x 4 - 9). 

y = cie 3 * 4 - C 2 e* -:gV(2sin3x 4- cos 3 x) ^ (sin 2 x 4 - cos2x). 

8 

y = e® (Ci 4- C 2 cos X 4 - Cs sin x) 4 - xe* 4- fji(cos x 4 - 3 sin x) . 
y - cie^ 4-C2e^® 4- x 4- A- 
y = 4s2*(ci 4- C2X) 4 - C3C-® 4- J 


y = cic-* 4- e“^C2 cos^x 4- 03 sin^x^. 


4- 


^(3 sinx - 11 cosx) — ixc^^sin^^4- VS cos^^^ 
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CHAPTER VII. 

Art. 65, 

2. 2/ = cxi cos log X + + xK 

Art. 66. 

3. y = (Cj + C 2 log x)sin log x -f (cg -h c* log x)cos log x. 

Art. 69. 

2. y = a;“2(ci 4-02 log x) + ~. 3. y=ciX-5+C2X^-f— + — V 

oo V14 9 20/ 


Art. 71. 

1. y = (6 4 2 x)2 [ci(5 4 2 x)^4 C2(5 4 2 

2. y=(2x~l)[ci4C2(2x-l)24c8(2x-l) 2 ]. 

Page 91. 

s. ^ g 

1 . y = Cix 2 4 2 4 CgX 2 2 . y = 4 C2X~2 4 

5 

3. y = x2[Ci 4 C2 logx 4 C8(l0gx)2]. 

4. y = Ci(x + ay + C2(x + ay + §*4i2. 

D 

b. y = x-2(ci 4 C 2 logx) 4 

Q. y z= x(ci cos log X 4 C 2 sin log x 4 5) 4 x~^(c8 4 2 log x) . 

7. y = [ct + c. log(^ + 1)] + gL±£iigife±i) + + 1^ + 51 

Vx4 1 

8. y = cix + C2X-1 4 

Wl2 — 1 

9. j/=:a:2(ci + C2loga:) + ^^;^3^- 

10. y = C.F. of Ex. 3, Art. 66, +(loga:)2 + 2 log* - 3. 

11 . y = x(ci + C 2 log*) + cs*-! + i log*- 

12. y = i^log— ^4- cilog* -P 
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13. y x”*(ci sin log x” + C 2 cos log x»» + log x) . 

14. y = x 2 (cix '^3 ^ (5 sin log x + 6 cos log x) 

O X Oi X 

+ (27 sin log X + 191 cos log x) . 

CHAPTER yin. 

Art. 75. 

3. y = j* ciX" 4* C 3 J . 

4. 62«®y = e^Vdx 4- Ci e2«®<?x 4 Ca- 

X 5 J 

6 . c^y = Vx 2?/2 -}- c2(Zx. 7. xy^ 4 cix^ = Cf. 

Art. 76. 

, 1 wx”»+” 

2. y = Cl 4 C 2 X 4 C3x2 h h CnX»“i 4 = 

|m 4 ^ 

3. y = Cl 4 C 2 X 4 cax^ 4 C 4 X® 4 J log x. 

4. y = Cl 4 C 2 X 4 (6 — x^) sin x — 4 x cos x. 

Art. 77. 

2. 3 X = 2 ai(y^ — 2 Ci) (y^ 4 Ci)^ 4 C 2 . 

3. Vciy 2 4 y i-log(>/c^y 4 Vl 4 ciy) = aciV 2 x 4 C 2 . 

Vci 

4. ax = log(y 4 V?^ 4 ci) 4 C 2 , or y = Ci'e®* 4 C 2 'e-“*. 

Art. 78. 

2. 2(y — b) = e* ■" 4 3. y = cix 4 (ci^ 4 1) log (x — ci) 4- < 

4. 15 ci^y =. 4 (ciX 4 4 C 2 X 4 C 3 . 

Art. 79. 

1. e-«y = cix4C2. 3. log y = Cie® 4 C 2 e“®. 

2. y2 = x2 4 Cix 4 C 2 . 4. sin (ci - 2 V^y) = CsC-^*. 

Art. 80. 

1 . y = Cl sin ax 4 C 2 cos ax 4 csx 4 C 4 . 

2. y = cie”“ + Ci!e-’“ + Cs + c*® + 05*2 + -rr-; 

a^Ca^ — m^) 
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5 / V^l-4a2 

3. ?/ = Cl + C2X + x^(c8X ^ + C4X ^ ) when a < J, 

2/ = Cl + C2X + cao:^' cos^ — ~ ^ log ~ j when a > |. 

Art. 81. 

2 1 

2- == cre* + 6 “ + C2. 3. y = ci logx + C2. 

4. 15 2/ = 8 (x + Ci)^ + C 2X + C3. 

Art. 82. 

4. y (1 - j| >•■’) 

iJgfx ^:e« r^(2>2.3+5) , 3(2.2.3+5)C2.4.5+7) \ 

V ^ [5 11 

) 


5, 2/ 


= Ax^ 

+ JBx^^ 


^ 




x4 


X8 


2.5 2. 4 . 5 . 9 2 . 4 . 6 . 5 . 9.13 


+ • 


1 + 




5C® 




2.3'^2.4.3.7'^2.4.6.3.7.11 

x^ , '"x® , 


+ ■ 


■) 


1.3 1.3-8.7 1 . 3 . 5-3. 7- 11 

6. y = 


,i + l.^+n-n-2-n + l-n + S-^ j 


Li li 

+ 5^* — n — 1-» + 2 ~H-»i — l-n — 3-n + 2- » + 4~ 

\ 2-2n-l ^ 2.4.2ii-1.2n-3 j 


+ J5x 


;-n-l ^ 


.. . ?i4-l • ^+2 2 I n+1 • . n4-3 .71+4 ^-4 . \ 

2.2W + 3 2 . 4 .2w+3 .2w+5 J 


Page 107. 

2'“i + *'(ir + *2/ = C^- 4. + = + 

2. 2ay + ic2 = CiV^:r^ + C2. «• 2/ = Ci+C2* + C3e» + C4e-“. 

3. (l + x + a:2)2/ = Cix2 + C2it: + C3. 6. Ciy = c^e'J* - « Vl + a^c?. 

7 . = sec-i X + CiVxS - 1 + cj log (x + Vx^- 1) + cs- 

8. 2/ = C2-sin-icie-*. 9. !/ = Ci sm-^x +(sm-’x)2 + Cs 
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10. y = Cl sin^ a: 4- Ca cos sc — ca sin®a: log tan 

*2t 

11. y - - 1)+ cix -f Ci^xe^ ^x-^'^e ^dx)'^ + 

12. y — axlogx -{■ cix + Ca. 

18 . logj>-l = — I 

oix 4 - ca 16 . 2 / = cie-* 4 - oj, + » 


Bin 2 X 


14 . y=oia:Hc 2 a; 4 084^4 


16 . y = e re“‘““(ci£C 4 C2)(lx 4 C36 i, 

2 

17 . ?/ = Ci(l -a;cota;)4^;2Cota;. 18 . a log('// 4 6) = x 4 c. 

19 . (C\X 4 Ca)- 4 rt = Ciy-. 

*'3 - 2 *§ + 2 S' =§m=^-)dx + ca. 

21. 2 /- 6 = ~ log sec aK(x — c). 


CHAPTER IX. 

Art. 87 . 

2 . 2/ = Aa; 4 Bxjx-''kh^dx 4 1 . 

8 . 2/ = Ae* 4 J?e 8*(4 42 a;=^ 4 160 a: ~ I8il ) . 4.2/= 4 ('i 4- ; j • 

Art. 88. 

3 . 2/ = Cie2* 4 cae^^J 4 . 2/ = 4 ^.>6^ 

Art. 91 . 

_^a:4 .... 

2. 2/=C6 “x^sin ^^logx4aj. 

8. 2/ = (ci sin V8 X 4 Ca cos VS x) sec x. 4. y = e«(cix^ 4 


2. y = csin ^21ogtan|4 a^. 


Art. 92 . 


8 . 2 / = <^isin(x^ 4 a) 4 - 




4 . y = Cl cos^^- 4 cti sin - ^ , 4 -1 . 
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Page 120. 

1 . w = 1 (cie"“ + C 2 e-«*). 4. yVl + a::-^ = a log (x + Vl + x-) + co. 

X 

2. 2 ct/ = c sin (ncc + a). 6. y — Cie* + C2e^(4 — 42 sc^ -f 160 a; — 183). 

8. y = cx sin (wx + «)• 6. y = cei**'sin (acVS 4- a). 

7 . y = e“*’(cic*'^2 4, 026-“*'^^). 

8. 2/ = €^(ciloga; + C2). 

9. 2/ = Cjx + C 2 (as sin -1 ^ Vl — x^) - J a:(l — x^)i. 

10. y = Cix 4- C 2 cos X. 

11. 2 / = 4- C 3 . 

12. 2/ = 4- 

^ ^ ?: 

13. 2 / = 4- x-^e ^ J xe^f(x) (dxy. 

14. 2 2 / = 4- C 2 — i«). 17. 2 /^ = cx^ 4 - ciX. 

15. y=c,sin(J^+a]. “• y^ + Q0-cy = lcK 

^ “ ' 19. 2 , = ccosf 2 ^Y 

16. 2/ = sill (w Vx^ — 1 4- a). \ X ) 


CHAPTER X. 

Page 124. 

1. The circle of radius -• 

K 

( g+c' g+c^ . 

e 4- e ® j* 

3 . 2^2 _ (J5^2 ^ ^ 2 , circles whose centres are on the x-axis. 

4. (o!^ ^ a)^ = 4 : c{y — c) , 2. system of parabolas whose axes are parallel 
to the axis of y. 

6. X 4- Cl = c vers-^- ~V 2 cy — y^, the cycloid obtained by rolling any 
circle along the x-axis from any point. 

6. The ellipses a^y'^ 4- k^(x — c)^ = if the cube of the normal is 
— fc2 times the radius of curvature. 

The hyperbolas a^y^ — a*(x — c)‘^ = /c®, if the cube of the normal 
is 4- times the radius of curvature. 

A set of parabolas if no constant is introduced at the first integration. 



226 


ANSWmS. 


7. The elastic curve represented hy the equation 

{4 dy = ± (x^ — a^)dx» 

B. s = Cie<^ + C26-«% when accel = distance from the fixed point, 
s = Cl sin (/ct + C2), when accel = — /c^ distance from the fixed point. 

9. s = J + vot + sq. 


10. The relation between time of motion and the distance passed over is 


^ = Cl ± -^^{Vs2 _ cs 4- c log (Vs + Vs — c)}, according as the 
V2 K ^ 
acceleration is ±— - 

S2 

11 . s = log cosh oit^ if the resistance of the air is — times the square of 


the velocity. 

^ V2 Kv\t 4-1 — 1 

”* KVo 

velocity. 


, if the acceleration is — /c times the cube of the 


13. r = 2 iT'J — — (Emtage, Mathematical Theory of Electricity and 

^ MH 

Magnetism^ p. 85.) 

14. s = Z 4* (so — V) cos Kt^ u = — /c(so — 1) sin Kt^ where k 

Hint ; Put s—l equal to a new variable. 

16. if acceleration is — - 4 * 

VjU ^ 


y/B^G^-4:LC 


|e nJen/'(0^«-e 


4 Cie 4 C2C 

where Tx = ^ and 

SC^V&C^-iLC Ba + VS^C'‘-iLG 

18. Same as in 17 with/(i) substituted for fit) and q for i. 

— “ t 

19. i = e 2i(ci4C20* 20. i = /sin 

Via 

21 . d — a ~ Cie~*'‘ sin for (a^>K*; 

$ — a = 4 iov 

22. 0 Ely = P(3 l^x - x^). 23. 24 Ely = ^c(4 Z% - x^). 
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24. The general solution is 


y = A cosh 


El 


x-\- B sinh 


BI ^2^^ §2 


On applying the conditions of Ex. 22 to determine the constants, 


WEX 


and therefore, 


WET 

\ 


- cosh 


, ^ = 0; 




2Q 


CIIAITER XL 
Art. 98. 

2. X = (yl cos t + B sin t)y y — c>[(u4 — B) cos H- (-d + B) sin «]. 

3. X — Ci6“^ d- C2e* + •} — p — ii, y = — cie"^« H- Coe* + ij e-' — p — J-f. 

4. x = r 1 4 • i ^ V y == ~ 4- 4 — V 1 4- V’ + 

5. a-= C^’i4“C20cH“CC}H“C 40«“S 2y=(c3-ci--*C20e*-(c84-C44-C40e“h 

Art. 99. 

3. xP‘ == 4 . Cl, =; 4- Cg. 4. = — - • log ^ 4- Ci, y — x = cxy. 

2/ — X X 
3 

5. X^ -» 2/^ r= Ct^, X^ 4- - = Cg. 

6. ax- 4' hif 4» cz'^ = ci, a^x^ -h 6^?/^ 4- = cg. 

Art. 103. 

3, {y 4 z)e,^ ^ e. 4. x — c?/ - y log;^ = 0. 

5. 4 - rs -h x) - c. 6. y(x 4- ^)= c(y 4-«). 

Page 143. 

1.. X nfl-ii' -|. 1 e» - (f, * -14 = -I- i - A «‘- 

2. X = (<;i Hin < -|- cj cos «)«"■“ + 

!/ = f (ca - Cl) sin « - (ca + Ci) cos fle * - + —■ 

Z. y r= ((•( + caK)e“ +!! C8«“^“ — J a:, * = 2(3ca — ci — C2*)e” — Cse"^* — •!• 

4. X == 4“ I'W 4- A < i 

y = « aer^ 4- 4- 4- 2^ a®. 
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6. * = x + y==l>e‘. 

V 


r. + + 


13. 


«■ .'■.V + yi f- zx ,■^X 1- !/ 4 
9. U>Krijz -I X ■!• y -( - :-- c. 

10. (i! ! -’)(« -t '■) I z{,r - «) = o. 

11. /'■* ( ' « ( /.*; , 

IS. jM- (J-- -«)■•■ + C{/ • I'Y^ h\ 

X = Cl coH v'it t 4 fj Hin ■v/.'l t -I- r, oim Vi £ 1 04 ttin 'J'i t 
-"r352*-'“+ At*-’'- 

y = —3 n cos V.'i ( — c.j sin v';t t — a CiiciM v'a / a r, ,stu \ 'a f 


[ + i - 




mt 


ml 


14. X — ey^(riC.ciH~-i 

4- ca sin — ^ 

I I ' 4 ''.I 

1 <-4 Mini'll 

\ V2 

\/ 2 ) 

\ Vi 


mt 


mt 


II 

5fc 

£. 

- cgcumi'^M 

AC v 4 ,., o „ h «‘'- 

r,Hin ”‘‘V 

\ V2 

v2/ 

\ v'-i 

VU/' 


« ai sin fct + (H 008 aH fiii» 

16* •! =: fti 8in 4 4’ 

15 cs Cl Hill Ht + r..^i turn at 4 f», 
where 4 4 n '^ ; the* arbitmry coimtante are con- 

nected by the fallowing re**atian« j 

mr.j g ht _ «2e i(*\ *■■, aiO| , , 

a» fn f't 

kii 4- mbi «f «e*t 0, .' -V 

^ m n 

16. Sea Fowyth, Diff, Ex. .1, Art, 174 ; .IaUnHt»n, tUff. Kq., Art. 242. 

17. y, 4- mil/ 4- ev 

X + may = 

where mi and mg are thv rmita of 4 ' b)m h r 0, 

Ex. 16, p. 269, Jahnnon, AV/. ; Kx. 4, p. 270, Farayth, />if. Mq, 

II. When the horizontal and vertical linea through the starting point 
In the plane of inoiion are taken for the y and y axes, the aijuation 
of the path is 

z cos fTs rig sin ^ | ; 

and the elimination of i gives the imrahola tan^- i ir- 
10 . Axes being chosen m in Ex. IB, 


' cos^ 


X = SScos ^(1 - e-«), y =1~ ^ lA 22fL?.tJJ? (1 _. 

0 C d* 
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20, For upper Higii: the liyperbola (aiy — bix){b 2 X--a 2 y) = (^ctih--ct 2 hiy^. 
For lower sign : the ellipse + (a22/""&2a5)2=(ai&2— 


CHAPTER Xir. 

Art. 108. 

2. = px + qy 4- pq- Z. p-q. 4. = 2 ypK z = pq. 

0 , uv::~ 4 * x(^" Y - = 0 , or yz^ -{-yl — ;s ^ = 0 . 

\dx) dy^ \dyl dy 


2. yp • xq — 0. 


Art. 109. 

3. {I + np)y 4- - mp) = (m + 


4. + 6. ^ = 


2. z e^4>(x ij). 

4. 

X y V* */ 


ax"^aj/“ "■ 3!/“ ax“ 

Art. 116. 

8. Zic + my + nz ^ 

6. /(2c 2 - ;s2^ ajS _ 2/8) = 0. 


$. ^ =:«(»!+ ......1^2/ ) 4- 

V 2 4 -VlO / 


Art. 117. 

2. af2/3;-~3w~ 

Art. 119. 

jm 

c, 4. ^ = ma 4- 2/® ® + ^ 


M+b. 


6. z — ax-^ ^4- < 
a 


Art. 120. 

2. z -rr ax + by V^. 


2 . 


Art. 121. 

fa* ^ 

l-i _ ijr.y._ 8. (« + «’)“ ={x + ay + c)». 

4. 4 /•(« - «) - (x + ry + l'>)“ + 4. 

8. *» .4; [* - 4 - 4 u» log (* + = 4(x + ay + &)• 
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Art. 122. 

2. zt =(x+ a)^ +{y + a)i + b. 4. z — ay + a^y + b. 

3. z =ax+aV + &. 5. g = j- (x+a) l + f(^-a)H _j.j, 

6. z^ =: xVx^ + log s. 

y + yjy^ — 

Art. 123. 

2. ^ = (ic 4 . a5)(t^4. 5), S.L is ^ = 0. 

Another form of the C.I. is 2 + 6. 

3. C.I. is ^ 5)i. 

Art. 125. 

3- «* = ^ + x^>(2/)+<A(y). 4. 3 = J-Wx^+ZCi/). 

Art. 126. 

2. »=/(*) + «i(y). 3. 2 = x/^|^+J'^|^. 

Art. 128. 

2. — 2a;) + ^(2/ - a;). 3. z z= <i>{y \p{y ~.2xr) . 

Art. 129. 

1, z=i xViOy + X) -f a;<;!.2(?^ + x) + 03(2/ + a;). 


Art. 130. 


3. 


12 * 


f+*^- 


Art. 131. 

4. 2 = 0(a: 4* 2/) + e3y0'(?/ — aj). 6. ^ = €®0(y) 4- e'-^^p(x 4- y). 

6 . = e“ 0 >( 2 / — x) -f e ^^* 0 ( 2 / 4" a;). 


Art. 132. 

3. — (y«*+2y -f. a;8 .f I 4. 1 a;2 -j_ 1 a;?/ 4- 3^^ jc), -J sin (x 4- 2 j/) — 

- 4- 4- ia:2 4- Ixy 4- fa: 4- fy + ¥• 
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Art. 133. 

2. <p(_x^) + x<pix^) + ^. 

3. z = (p{(c^ + 2/2) _|_ _ y2), (Pixt X for |a;2^ p for 


1. s = x^4>lj^- 

2. a:2 ^ 2/2 4. ^-2 _ 



Page 187. 

5. (2! - y) = 

6. a log 5; = aca: + (1 — «c)2/ + 6. 


3 . 

i \x x] 



9. <t> 


\y- z' 




8 . ^ -f > 7 x 2 4- 2/2 + s2 _ ^1-a ^ 


10. X-}-y + ;^ = ^(X2/£j). 


11. {cos(x + y) + sin(x + y)}ey-* = | . 

12. VI + az‘^ - log. ^ +yi . ± «€ =, a; + ay + h. 


13. xz = ay + ‘iV^ + h. U z = aa; + y.) 

14. («-6-a!loga:)2 = 4o=y. n±V'ji2-4 

16. 0 = a* + 61/ + c Vl + + 6*. S.I. is + j/^ 4- 2* = ®* 

17. 2 = ax + (l -Va)22/ + 6. 18. 2 = axe* + J + 6- 


ERRATUM 

Page 231. Exercise 22 should read 


2^ i-li 
2-1 




w + 1 ”*"«(« + 1) 


+ />• 


« I'c; 
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20. Vl 4’ -f' -i -//' ’^*J ^ Fir) I if Hi}, 

26. i; = 4- fA(//) i '^(?/)- V r^PirA \ fi^)* 

29. r :: ^{s) 4 ^(x I y 4 « ). 

80. (M ■■■• \ )xy 4 ttjt -■ **"«;'(|/)4 ./‘i^). 

31. .r "v P\y)iLe f y^iy) jrlx 4 ^{y)> 
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Derivation, of ordinary equations, 4. 

of partial equations, 146, 148. 
Discriminant, 40. 
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Equation, Equations. 

Auxiliary, 65-67, 175. 

Bessel’s, 105, 106. 

Clairaut’s, 36, 44. 

Decomposable, 31. 

Definitions, 1, 17, 92, 146. 
Derivation of, 4, 146, 148. 

Exact, 17-19, 92-94, 197. 
Geometrical meaning, 8-10, 134, 
140, 142, 158. 

Homogeneous, 15, 35, 82-84, 90, 138, 
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Legendre’s, 90, 105. 
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Linear, partial, 153-158, 173. 
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Monge’s, 171. 
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of envelope, 42. 

of hypergeometric series, 105, 107. 
of nodal locus, 45, 48, 49. 
of second order, 109-119. 
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Reduction to equivalent system, 189. 
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Transformation of, 28, 90, 114, 115, 
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Existence Theorem, 190. 


Monge’s equations, method, 171. 


Factors, integrating, 21-26. 


Nodal locus, 45, 48, 49. 


Geometrical meaning, 8-10, 134, 140, 
142, 168. 

Geometry. See applications. 

Homogeneous. See equation. 
Hypergeometric series, equation of, 
105, 107. 

Integrability, criterion of, 136, 138, 

200 . 

Integral, integrals ; also see solution. 
and coefficients, 199. 
complete, 64, 149. 
first, 94. 
general, 150. 

of linear partial equations, 153. 
of simultaneous equations, 183. 
particular, 6, 64, 73-80, 87-90, 149, 
176, 180. 

relation between, 111. 
singular, 160. 

Integration, constants of. See con- 
stants. 

Integrating factors, 21-26. 

Invariants, 204. 

Lagrange's solution, 154, 155. 
Lagrangean lines, 155. 

Laplace’s equation, 182. 

Legendre’s equation, 105. 

Locus, 8, 42, 45, 47-49, 141, 151. 

Mechanics, applications to. See appli- 
cations. 

Modern theories, 202. 


Particular integrals. See integral. 
Physics, applications to. See applica- 
tions. 

Poisson’s equation, 186. 

Eeduction of equations to equivalent 
system, 189. 

Relation between integrals. 111. 
Relation between integrals and coeffi- 
cients, 199. 

Removal of second term, 115. 

Riccati’s equation, 105, 106. 


Series, equation of hypergeometric, 
105, 107. 

integration in, 101. 

Solutions, 2, 6 ; also see integrals. 
Spherical harmonics, 183, 184. 
Standard forms, 169-165. 

Summary, 38, 48. 
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Tac-locus, 45, 48, 49. 

Theories, modern, 202. 
Trajectories, 55-57. 
Transformations. See equations. 
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